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Abstract
Micro Coaxial Helicopter Controller Design
Zelimir Husnic
Advisor: Professor Bor-Chin Chang, Ph.D.
One of the advantages of the micro coaxial helicopter is in its maneuverability. It can perform some
flight maneuvers that a fixed-wing aircraft cannot do - like hovering, perching, vertical take-off and
landing, flying backwards, or moving sideways to the left or to the right. It is also more agile than
the conventional helicopter with a counter-gyro effect rotor at the tail of the fuselage. However, due
to its small size and sensitivity to disturbances, the micro coaxial helicopter is more challenging to
control than a full-scale helicopter.
In this work, the flight dynamics of the micro coaxial helicopter were investigated and a simpli-
fied model for the autonomous flight control system design was constructed. System identification
techniques as used in full-scale helicopters have been successfully applied to the micro coaxial un-
manned helicopter. The essential parts of system identification include model theory, experimental
data acquisition, parameter estimation, and model validations. The multivariable tracking and H2
control theory were employed to design a flight control system that would provide desired stability
and performance for autonomous flight of a variety of maneuvers mentioned above. With a well-
designed autonomous flight control system, the micro coaxial helicopter can be deployed for battle
field awareness in battle fields, surveillance for search and rescue, border patrol, counter-terrorism
operations, etc.

1Chapter 1: Introduction
Unmanned Aerial Vehicles (UAVs) are of great interest to many scientists. Miniature and micro ro-
torcrafts are particularly interesting. The miniature/micro coaxial configuration helicopter is chosen
over the single-rotor configuration in this work due to its maneuverability, versatility, stability and
easiness to control. Micro helicopters are more agile than their full-scale equivalents. Their compact
size and ability to hover, turn, and move in various directions, make the small-scale rotorcraft well-
suited for operations in dynamic environments. Micro rotorcrafts have remarkable advantages over
fixed-wing aircraft for specific types of missions particularly when the aircraft is required to remain
stationary (hover) or maneuver in tightly constrained environments.
1.1 Vehicles to be Discussed
Unlike fixed-wing aircraft, the helicopter’s main airfoil is the rotor mounted atop its fuselage on a
hinged shaft (mast) connected with the vehicle’s engine and flight controls. Because a helicopter
can perform more actions than a fixed-wing aircraft, it is more difficult to fly. The helicopter must
compensate for a variety of forces. The helicopter is a type of aircraft in which lift is obtained by
means of one or more power-driven rotors. When the rotor of a helicopter turns, it produces reaction
torque which tends to make the aircraft to spin. The helicopter’s speed is limited by the fact that
if the blades rotate too fast they will produce compressibility effects on the blade moving forward
and stall effects on the rearward moving blade, at the same time. The main reason that makes a
coaxial helicopter so special is because it uses two contra-rotating rotors to compensate each other’s
gyro-effect torque. The coaxial helicopter has its rotors reactive moments compensating each other
directly in their axis of rotation.
The dynamic modeling of full-scale helicopters is described in the literature. Basically, the micro
size of this rotorcraft causes certain details to be somewhat different. The modeling starts with the
classical rigid-body equations. We assume that the speeds in any direction shall be so small that no
2aerodynamic forces act on the body of the helicopter. Therefore, only gravitation and the different
forces and moments from the main rotors are acting on the helicopter. First of all, a micro helicopter
has a much faster time domain response due to its small size. Therefore, without employing an extra
stability augmentation device, it would be difficult to control it. The fly-bar is used to improve the
stability characteristic around the pitch and roll axes and to minimize the actuator force required.
In any kind of flight (hovering, vertical, forward, side-ward, or backward), the total lift and thrust
forces of a rotor are perpendicular to the tip-path plane or plane of rotation of the rotor. The
tip-path plane is the imaginary circular plane outlined by the rotor blade tips in making a cycle
of rotation. The rotor force components could be expressed in terms of a set of axes fixed in the
helicopter. Such a formulation is necessary to study the forces and moments on the whole helicopter.
However, it is more typical, when considering the rotor as a lifting device, to regard it as making
a thrust, defined along some convenient direction, together with small components of force in the
other two perpendicular directions. During a horizontal or vertical flight, there are four forces acting
on the helicopter: lift, thrust, weight, and drag.
Lift is the force required to support the weight of the helicopter. Thrust is the force required
to overcome the drag on the fuselage and other helicopter components. In straight-and-level un-
accelerated forward flight, lift equals weight and thrust equals drag (straight-and-level flight is flight
with a constant heading and at a constant altitude). If lift exceeds weight, the helicopter climbs;
if lift is less than helicopter weight, the helicopter descends. If thrust exceeds drag, the helicopter
speeds up; if thrust is less than drag, it slows down.
1.2 Coaxial Benefits
The main reason that makes a coaxial helicopter so special is because it uses two contra-rotating
rotors to compensate each other’s torque that they apply to the helicopter fuselage when they rotate.
Without a tail rotor, a coaxial helicopter can devote all the power in developing lift, which increases
the power efficiency of a coaxial helicopter. As far as power is concerned, the coaxial helicopter has
a considerable edge over its single-rotor counterpart, since almost all power is used for developing
the lift, while the single-rotor helicopter’s tail rotor power consumption accounts for 10-12% of total
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3power. Also, the coaxial configuration has a more compact structure than a single-rotor because it
does not need to mount a rear shaft longer than the main rotor’s blade-swept radius in the airframe.
The result of this is a reducing of coaxial-rotor helicopter size by 35-40% as compared with the single-
rotor one. The moment of inertia of coaxial helicopter decreases, which increases the controllability
and maneuverability of the helicopter.
1.3 Motivation
Just like other UAV (unmanned aerial vehicles), micro coaxial helicopters can be deployed for mis-
sions that involve dangerous, dull, and dirty tasks. A micro coaxial helicopter is especially suitable
to indoor applications like inside the caves, tunnels, or collapsed buildings, where perching, hovering,
and the ability to maneuver around obstacles in a narrow space is vital. The micro aircraft is one
solution. Tasks for an indoor flight could include surveillance, urban search and inspection. A rotor-
craft has significant advantages over fixed wing when it is required to hover or maneuver in tightly
constrained environments. The micro rotorcraft’s compact size and ability to hover, turn, and move
in numerous directions make the small-scale rotorcraft well-suited for operations in challenging, dy-
namic environments. Rescue teams can safely enter the disaster site when they acquire sufficient
information by site assessment. Site examination provides the information necessary for rescuers to
accomplish a mission, such as possible location of survivors and their condition, and dangerous sit-
uations that might threaten rescuer’s lives. To achieve indoor flight, the aircraft needs to negotiate
narrow corridors and all types of obstacles, as well as provide useful information. Therefore, this
aircraft needs to be able to fly in six degrees of freedom with minimum twisting and be equipped
with sensors to know its own states and detect the environment. As far as power is concerned, the
coaxial helicopter has a considerable edge over its single-rotor helicopter. The contra-rotation of
coaxial rotors leads to significant reduction in power. In order to perform indoor flight with sensors,
the micro coaxial rotorcraft should be highly efficient. The micro coaxial additional development
shall provide a design that maximizes efficiency and provides optimum size for the micro rotorcraft.
The micro coaxial rotorcraft has been investigated to exploit the advantages of coaxial configurations
and is expected to be appropriate to indoor missions where hover performance is desired.
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2.1 Introduction
Descriptions of the dynamic modeling for helicopters are available in the literature [1] and [2].
However, due to the size of the micro coaxial helicopter, the details of the dynamic model need
to be modified. The modeling starts with the classical rigid-body equations. We assume that the
speed of the vehicle in any direction is rather slow, so that the aerodynamic forces on the vehicle
are negligible. Therefore, only gravitation and the forces and moments from the main rotors are
acting on the helicopter. The micro helicopter shown in Figure 2.1 has a faster time response due to
its small size. Consequently, without employing a stabilization mechanism, it would be difficult to
control. The fly-bar is used to improve the stability characteristic around the pitch and roll axes and
to minimize the actuator force required. Rotors’ reactive moments are compensated automatically
throughout the flight. The details of the flight dynamics equations for the micro coaxial equations
will be discussed in the following subsections.
Figure 2.1: Blade CX2 Helicopter
52.2 Helicopter Nomenclature
To describe the motion of an aircraft, usually we need three reference frames: the Earth-Center
Frame, the Local Geographic Frame and the Aircraft Frame [3].
The aircraft frame, also called the body-fixed frame, is described by a set of Cartesian axes attached
to the aircraft with the center of mass as the origin, as shown in Figure 2.2. Conventionally, the
x-axis points forward along the nose, the y-axis points out along the starboard wing, and the z-axis
points down.
x
Roll Axis
y
Pitch Axis
z
Yaw Axis
Figure 2.2: Body axis system used in helicopter dynamics analysis
As with any rigid body entity, the dynamic state of an aircraft may be considered to exist in
a six degree-of-freedom (6DoF) isometric space described by three translational displacements and
three rotational displacements (angles). Together, these six degrees, or parameters, can be used
to fully describe the translational position and angular orientation of the rigid vehicle body at any
point in time. In most cases, the time rate of change, or velocities, of these six parameters are also
of interest for analysis and control. Combining the six positional parameters with their respective
velocities yields 12 states.
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6The origin of the body-fixed coordinate frame is the center of gravity of the body, and the body is
assumed to be rigid, an assumption that eliminates the need to consider the forces acting between
individual elements of mass. We will model the helicopter as a rigid body moving in space. As
shown in Figure 2.3, we use the variables (x, y, z) to represent the position of the helicopter in body
coordinates. Euler angles are a means of representing the spatial orientation of any frame of the
space as a composition of rotations from a reference frame. Body axis system is fixed in the vehicle,
with the origin, usually the center of mass, consisting of the following axes:
longitudinal (x - axis), lateral (y - axis) and normal or vertical (z - axis).
 
 
 
 
 
 
 
 
 
z  - axis 
x  - axis 
y - axis 
v, q, θ
u, p, ϕ 
w, r, ψ 
M (Pitching Moment) 
N (Yawing Moment) 
L (Rolling Moment) 
c.g. 
Figure 2.3: Definition of the helicopter body axes system
2.3 Rigid Body Dynamics
The standard rigid body dynamical equation will be used to model the motion of the helicopter in
its environment. Quaternion Rotations and Euler Rotations (Euler angle rates and Angular velocity
of the body frame) can be found in the literature [1], [2], [3] and [4]. The forces and moments refer
to a system of body-fixed axes centered at the aircrafts center of gravity/mass. In general, the axes
will be oriented at an angle relative to the principal axes of inertia, with the x direction pointing
forward along approximately convenient fuselage reference line as described in literature [3]. The
equations of motion for the six DoFs are assembled by applying Newton’s laws of motion relating
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2.3.1 Reference Frames/Coordinates
To describe the position and behavior of an aircraft, we need to introduce two more reference frames
in addition to the body frame. These two reference frames are ECEF (earth-centered earth-fixed)
and NED (north-east-down) reference frames as described in the following [1], [2], [3] and [4].
Figure 2.4: ECEF and NED reference frames
Fe : Earth-centered earth-fixed (ECEF) frame, origin at earth’s cm, axes in the equatorial plane
and along the spin axis with xe - axis passing through the prime meridian.
Fv : Geographic (Local navigation) system frame, origin at vehicle’s cm, axes in north, east, and
down directions (NED reference frame).
The NED frame can be obtained through the following ECEF to NED transformation:
Perform a right-handed longitude rotation through the angle ”l” (the longitude of the aircraft po-
sition) about the ze - axis. Then perform a left-handed rotation about the ye - axis for 90 degree,
and finally have another left-handed lateral rotation with the angle ”φ” (the lateral position of the
aircraft) about the ye - axis.
Recall that the body frame has its origin the vehicle’s cm, with the positive x-axis is pointing to the
aircraft nose, positive y-axis towards the right wing, and the positive z-axis downward. Consider
Figure 2.5, in which the upper left graph is the NED frame with axes (xv, yv, zv) and upper right
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8one is the body frame with axes (xb, yb, zb). The attitude (or orientation) of the helicopter is defined
by the Euler angles (φ, θ, ψ), which is explained as follows. Assume initially that the body frame
coincides with the NED frame. Then rotate the body frame about the z axis following the right-hand
rule by ”ψ” angle and now the body axes are (x′, y′, z′) as shown in the lower left graph. Next,
rotate the new body axes about the y′ axis following the right-hand rule by ”θ” angle, and the axes
of the body frame become (x”, y”, z”) as shown in the lower center graph. Finally, rotate the axes
(x”, y”, z”) about the x” axis following the right-hand rule by ”φ” angle, and the axes of the body
frame become (xb, yb, zb). The three rotation angles (φ, θ, ψ) are called Euler angles that define
the attitude of the vehicle.
xv
zv
yv xb
zb
yb
x
y
z 

xv
zv
yv
x
y
z 
x
y
z 

x y
z 
xb
yb
zb
 
 
Figure 2.5: Body frame transformation
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through the angle ψ , the vector representation will become [x′ y′ z′] as shown in the following.
x’
y’
z’ 
ψ
xv
zv
yv
 
Figure 2.6: Rotation about z-axis

x′
y′
z′
 =

cosψ sinψ 0
− sinψ cosψ 0
0 0 1


xv
yv
zv
 = R1

xv
yv
zv
 2.3.1a
After the rotation about the y-axis through the (pitch) angle θ, the vector representation will be-
come [x” y” z”] as shown in the following.
x’
y’
z’ 
x’’
y’’
z’’ 
θ
 
Figure 2.7: Rotation about y-axis
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
x′′
y′′
z′′
 =

cos θ 0 −sinθ
0 1 0
sinθ 0 cos θ


x′
y′
z′
 = R2

x′
y′
z′
 2.3.1b
Subsequently the rotation about x-axis (roll), through the angle φ, the vector representation will
become [xb yb zb]’ as shown in the following. Note that the vector representation in the body frame
is [xb yb zb]’ = R3*R2*R1*[xv yv zv]’.
x’’ y’’
z’’ 
xb
yb
zb
ϕ 
 
Figure 2.8: Rotation about x-axis

xb
yb
zb
 =

1 0 0
0 cosφ sinφ
0 −sinφ cosφ


x′′
y′′
z′′
 = R3

x′′
y′′
z′′
 2.3.1c
Since the gravitational force is always pointing to the center of the earth, the gravitational
acceleration components along the body frame x, y and z axes can therefore be written in terms of
the Euler roll and pitch angles as described in literature [1]
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axg = −g sin θ
ayg = g cos θ sinφ
azg = g cos θ cosφ
2.3.1d
The equations of motion can be derived by connecting the rates of change of the linear and angular
momentum to the applied forces and moments. The equations are created with assumption of
constant mass. Also, the equations are constructed with respect to selection of a subjective material
point inside the fuselage and expression derivation for the absolute acceleration of this point.
The acceleration can then be integrated over the fuselage volume to derive the effective change in
angular momentum and therefore the total inertia force. A similar process leads to the angular
acceleration and corresponding inertial moment. The center of the moving axes is located at the
helicopter’s center of mass. As the helicopter translates and rotates, the axes therefore remain fixed
to seleceted point in the fuselage.
The linear velocity vector of the fuselage CG is denoted by ~v.
The coordinate vector of the linear velocity with respect to the body-fixed frame is
vB = [u v w]
T
2.3.1e
Similarly, the angular velocity ~ω of the fuselage, is represented in the body-fixed frame by
ωB = [p q r]
T
2.3.1f
The vector sum of the external forces and moments (torques) that act on the fuselage.
fB = [X Y Z]
T 2.3.1g
The fB represents the components of the force vector with respect to the body-fixed frame.
The sum of all external moments are denoted by τB
τB = [L M N]
T
2.3.1h
Positive direction of the angular velocity and moment components refers to the right-hand rule about
the respective axis. The equation of Newton’s second law is valid only in an inertial reference frame.
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Therefore, Newton’s second law for the translational motion of the helicopter is given by:
~f = m
d~v
dt
∣∣∣∣
I
2.3.1k
Where ”m” denotes the total mass of the helicopter.
The operand d(o)d(t) |I shown above, denotes the time derivative of a vector in space as viewed by an
observer in the inertial reference frame.
The time derivative with respect to the inertial reference frame is
d~v
dt
∣∣∣∣
I
=
d~v
dt
∣∣∣∣
B
+ ~ω × ~v 2.3.2a
The operator ”×” is the vector cross product.
The operand d~vdt |B denotes the time derivative of a velocity vector with respect to the body-fixed
reference frame.
In general, these terms denote the derivative of a vector from the viewpoint of an observer in the
body-fixed frame. The change of the vector’s direction due to the angular velocity of the body-fixed
frame is not conceivable by the observer on the body-fixed frame. This change is detected by the
observer on the inertial frame.
Newton’s second law for the translational motion is
X/m = − v r + w q + u˙
Y/m = −w p+ u r + v˙
Z/m = −u q + v p+ w˙
2.3.2b
To conclude the derivation of the equations of motion, Newton’s second law is applied to all moments
that act on the CG. The reference point for calculating the angular momentum and the external
moments is rigidly attached to the CG of the helicopter. Furthermore, using the body-fixed reference
frame for the analysis is advantageous since the moments and the products of inertia do not vary
with time given that the mass distribution of the helicopter does not change.
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The angular momentum components of the body-fixed reference frame are given by
HB = IωB 2.3.2c
where I denotes the inertia matrix
I =

Ixx − Ixy − Ixz
−Iyx Iyy − Iyz
−Izx − Izy Izz
 2.3.2d
The respective moments of inertia are 2.3.2e
Ixx =
∑
(y2m + z
2
m) dm
Iyy =
∑
(x2m + z
2
m) dm
Izz =
∑
(x2m + y
2
m) dm
The products of inertia are 2.3.2f
Ixy = Iyx=
∑
xm ym dm
Ixz = Izx=
∑
xm zm dm
Iyz = Izy=
∑
ym zm dm
The above sums apply to all elementary masses dm of the helicopter, and xm, ym and zm are the
distances of each elementary mass from the CG. It is assumed that the principal axes coincide with
the axes of the body-fixed frame; therefore, it follows that
Ixy = Iyx = 0 Iyz = Izy = 0 Ixz = Izx = 0 2.3.2g
Newton’s second law for the rotational motion dictates that the external moments acting on the
helicopter are equal to the time rate of change of the angular momentum with respect to the inertial
reference frame. Substituting differentiation of free vectors and the time derivative components of
the angular momentum is the analytic expression of Newton’s second law for the rotational motion
of the helicopter.
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Force equilibrium along the body axis
L = Ixx p˙+ (Izz − Iyy) q r
M = Ixx q˙ + (Ixx − Izz) p r
N = Izz r˙ + (Iyy − Ixx) p q
2.3.2h
The above equations are called Newton Euler equations in the body-fixed frame’s coordinates.
Integration of the position and orientation dynamics equations provides all required information for
determining the helicopter motion in the configuration space.
As mentioned earlier, the orientation of the helicopter is parameterized by the Z-Y-X Euler angles.
In this case, each intermediate rotation takes place about an axis of a frame that is produced by a
preceding rotation.
In aeronautics applications, it is desirable that each rotation takes place about the axis of a fixed
frame. In this convention, the Euler angles are called pitch, roll and yaw angles.
The helicopter rigid body dynamics are completed by defining the external body frame force and
torque.
As explained in this work, Ixz is much smaller than the other terms and, due to the symmetry of
the helicopter with respect to the x-z plane, Ixy and Iyz are zero.
The offset between the rotor axis and the helicopter’s center of gravity is expected to be zero. It is
assumed that the helicopter’s center of gravity is in-line with the rotor axis.
Definition of the helicopter body axes system is shown in Figure 2.3
Body axis system is fixed in the vehicle, with the origin, usually the center of mass, consisting of
the following axes: longitudinal (x - axis), lateral (y - axis) and normal (z - axis).
The coaxial configuration helicopter is special due to the fact that it embodies a principle of the
reactive moment compensation fundamentally different from that of the single-rotor configuration,
described in the literature [1], [2] and [4].
The forces and torque are balanced when the helicopter is in stable condition. Unbalance of force
will result in linear acceleration, while unbalance of torque will result in angular acceleration. In
hovering, force balance is achieved when the sum of the thrust from two main rotors equals the
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gravitational force. All forces and torques in all directions sum to zero. At hover, force directions
are concentric with the rotor shaft. The helicopter’s position and orientation in body coordinates
will always be zero. The velocity and acceleration terms are greatly simplified by using these coor-
dinates. The aerodynamic interaction between the rotor and the fuselage is ignored.
2.4 Rotor Aerodynamics in Axial Flight
The coaxial helicopter rotors’ reactive moments are compensated automatically throughout the
flight, thus requiring no interference on the part of the pilot. Aerodynamic symmetry is the most
important feature of the coaxial helicopter. It enhances significantly its controllability and stability.
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Drag
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z
Weight
Thrust
Rearward Flight 
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Thrust
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G (weight)
y
Helicopter 
Movement 
Sideward
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Thrust
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z
Drag
Weight
G (weight)
Drag
Figure 2.9: Helicopter forces and moments during flight
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The coaxial design ensures a smooth combination of efficient control and aerodynamic damping,
which provides good controllability. The standard rigid body dynamical equation will be used to
model the motion of the helicopter.
The forces and torque are balanced when the helicopter is in stable equilibrium condition. In
hovering, force balance is achieved when the sum of the thrust from two main rotors equals the
gravitational force. All forces and torques in all directions sum to zero. At hover, force directions
are concentric with the rotor shaft. The helicopter’s position and orientation in body coordinates will
always be zero. The velocity and acceleration terms are greatly simplified by using these coordinates.
The aerodynamic interaction between the rotor and the fuselage is ignored. The offset between the
rotor axis and the helicopter’s center of gravity is expected to be zero. It is assumed that the
helicopter’s center of gravity is in line with the rotor axis.
thrust/lift
upper rotor
lower rotor
u 
upper rotor disk
lower rotor disk
lx
x
x
x
y
y
y
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Figure 2.10: Coaxial Helicopter forces and moments
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The external (aerodynamics and body) forces, external (aerodynamics) moments and moments of
inertia, are the sum of the fuselage, upper and lower rotor, described in the literature [4].
X = −Xu −Xl −Xpl −mvr +mwq −Gsinθ
Y = Yu + Yl + Ypl −mwp+mur −Gcosθsinφ
Z = −Zu − Zl − Zpl −muq +mvp+Gcosθcosφ
L = Lu + Ll − Lpl − (Iy − Iz) qr
M = Mu +Ml −Mpl − (Iz − Ix) pr
N = Nu +Nl −Npl − (Ix − Iy) pq
2.4.1
2.5 Thrust
The helicopter rotor produces an upward thrust by driving a column of air downwards through the
rotor plane. A relationship between the thrust produced and the velocity communicated to the
air can be obtained by the application of Newtonian mechanics - the laws of conservation of mass,
momentum and energy - to the overall process. The rotor is considered as an ’actuator disc’, across
which there is a sudden increase of pressure, uniformly spread. In hover, the column of air passing
through the disc is a defined stream tube above and below the disc: outside this stream tube the air
is undisturbed. No rotation is imparted to the flow. The total force in the axial direction acting on
the control surface consists of the rotor thrust plus the pressure forces on the ends of the cylinder
described in literature [4].
In hovering flight axial velocity is zero. In estimating the efficiency in hovering flight, it is important
to consider losses that affect hover performance including profile drag, no uniform inflow, slip stream
rotation, and tip losses. The thrust force of the rotor is proportional to the thrust coefficient, the
area swept out by the rotor, air density, and the square of the circular velocity of the blade tip. For
a given rotor at a constant air density, the thrust depends on the number of revolutions and the
thrust coefficient. The induced velocity may be calculated when the thrust is known.
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For a given rotor at a constant air density, the thrust depends on the number of revolutions and the
thrust coefficient. The induced velocity may be calculated when the thrust is known.
Following simple momentum theory, the thrust generated from a rotor in hover can be written as
T = Tu + Tli + Tlo 2.5.1
where T is thrust, Tu is upper rotor disk thrust, Tli is inner area of lower rotor disk thrust, Tlo is
outer area of lower rotor disk thrust.
The thrust force equation described in this work and literature [4] recognize and distinguish influence
of the upper rotor disk, inner and outer area of lower rotor disk for thrust and flow velocity.
Far upstream of the rotor, the air velocity relative to the rotor is the rate of climb and the pressure.
As air is sucked into the disc from above, the pressure falls. An increase of pressure occurs at the
disc, after which the pressure falls again in the outflow, eventually arriving back at the initial or
atmospheric level. As the air approaches the rotor, the airspeed increases at the rotor itself. Because
the airflow is continuous, there is no sudden change of velocity at the rotor, but there is a jump of
pressure. The slipstream velocity continues to increase downstream of the rotor.
2.6 Torque
As mentioned in Sec. 2.4, when the helicopter is hovering, the force directions are concentric with
the rotor shaft. To calculate the power, we must consider the rate at which kinetic energy is being
imparted to the air. The primary task is to determine the lift and drag coefficients of the rotor
blades since these two quantities determine the thrust and power required for given speed in forward
flight or hover. Thus the lift and drag coefficients are the two quantities from which performance
may be assessed. The total drag is composed of pressure or form drag and viscous drag. The power
loss due to drag is very hard to predict because it is a much smaller force and is thus sensitive to
small changes in pressure.
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The main rotor torque described in literature [4] can be approximated as a sum of induced torque
due to generated thrust, and torque due to profile drag on the blade:
Q = Qu −Ql 2.6.1a
Ql = Qli +Qlo 2.6.1b
where Q is rotor torque, Qu is upper rotor disk torque, Ql is lower rotor disk torque, Qlo is outer
area of lower rotor disk torque, Qli is inner area of lower rotor disk torque.
The torque equation is described in this work and literature identify influence of the upper rotor
disk and the lower rotor disk.
2.6.1 Rotor Aerodynamics
While simple momentum theory can be used to estimate the efficiency of rotors, a more accurate
aerodynamic theory is needed to incorporate blade geometry, sectional orientation and twist condi-
tion. Blade element theory evolved to incorporate the effects of drag and twist on rotor performance.
This theory permits the derivation of the equations for the thrust and torque coefficients as described
in the literature [1], [2] and [4]. In hover, the column of air passing through the disc is a clearly
defined stream tube above and below the disc: outside this stream tube the air is undisturbed. No
rotation is imparted to the flow. The column of air passing through the disc is shown in Figure 2.11.
As air is sucked into the disc from above, the pressure falls. An increase of pressure ∆p occurs at
the disc, after which the pressure falls again in the outflow, eventually arriving back at the initial
or atmospheric level p∞. Velocity in the stream tube increases from zero at ’upstream infinity’ to
a value ”vi” at the disc and continues to increase as pressure falls in the outflow, reaching a value
V∞ at ’downstream infinity’. Continuity of mass flow in the stream tube requires that the velocity
is continuous through the disc. Energy conservation, in the form of Bernoulli’s equation, can be
applied separately to the flows before and after the disc.
Using the incompressible flow assumption, we have in the inflow as shown in this work.
Chapter 2: Helicopter Flight Dynamics 2.6 Torque
20
 
 
 
 
 
 
 
 
 
 
 
  
  
Disc 
Pressure Flow field 
p 
p 
p 
v=0 p 
v 
v 
Velocity 
Figure 2.11: Actuator disc concept for rotor in hover
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Figure 2.12: Flow field in vertical climb
Now, by momentum conservation, the thrust ”T” on the disc is equal to the overall rate of increase
of axial momentum of the air
T = ρ A vi v∞ 2.6.11a
Thus half the velocity communicated to the air occurs above the disc and half below it, and the
relationship between thrust and the velocity vi is shown in Figure 2.13
vi = 2 v∞
T = 2 ρ A v∞2
2.6.1b
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Far upstream of the rotor, the air velocity relative to the rotor is the rate of climb Vc and the
pressure is p∞. As air is sucked into the disc from above, the pressure falls. An increase of delta
pressure occurs at the disc, after which the pressure falls again in the outflow, eventually arriving
back at the initial or atmospheric level. As the air approaches the rotor, the airspeed increases to
Vc + vi at the rotor itself. Because the airflow is continuous there is no sudden change of velocity
at the rotor, but there is a jump of delta pressure. The slipstream velocity continues to increase
downstream of the rotor, reaching a value in the ultimate wake of Vc+v2.
The total force in the axial direction acting on the control surface consists of the rotor thrust plus
the pressure forces on the ends of the cylinder. To calculate the power being supplied by the rotor,
we must consider the rate at which kinetic energy is being imparted to the air. The helicopter with
single main rotor thrust is,
T = ρA (V c + v2) v2 2.6.11c
Control volume for the helicopter with single main rotor in axial flight is shown in Figure 2.13.
Control volume for a coaxial helicopter in axial flight is shown in Figure 2.14.
Coaxial rotor air flow is shown in Figure 2.14. Air flow is separated on two parts: inner area defined
by upper rotor flow and outer area between flow of upper and lower rotor. The disk theory defines
the rotor’s flow for the ideal case. Following simple momentum theory, the thrust generated from a
rotor in hover can be written as
T = Tu + Tli + Tlo
Tu +Tli = ρAVu ∗ V2
Tlo = ρ
(
A− r12 ∗ pi
)
(Vc + Vlo)Vuo
T = ρAVuV2 + ρ
(
A− r12 ∗ pi
)
(Vc + Vlo)Vuo
2.6.11d
The torque and thrust equation described in this work and literature [4] recognize and distinguish
the influence of the upper rotor disk and lower rotor disk.
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Figure 2.13: Helicopter’s control volume with single main rotor
The rotor torque can be approximated as a sum of induced torque due to generated thrust, and
torque due to profile drag on the blade:
Q=Qu - (Qli + Qlo) 2.6.11e
Ql=Qli+Qlo
where Vu is upper rotor disk velocity, Vli is inner area of lower rotor disk velocity, Vlo is outer area
of lower rotor disk velocity, Vuo is outer area of undisturbed flow velocity, Vc is axial velocity of the
rotor, V2 is inner area of undisturbed flow velocity, Vl22 is undisturbed flow velocity in outer area of
lower rotor, Ω is angular velocity.
The rotor torque can be approximated as a sum of induced torque due to generated thrust, and
torque due to profile drag on the blade (see Figure 2.15):
Chapter 2: Helicopter Flight Dynamics 2.6 Torque
23
Vc
Tlo
Tu
Vu
Tli
Vc + Vlo
Vli
upper rotor 
disk
Tlo
Vc + Vlo
Vc + Vl22 Vc + Vl22
Vc + V2
lower rotor 
disk
Figure 2.14: Control volume for coaxial helicopter
Q = Qu −Ql
Ql = Qli +Qlo
Qli = (TliVli) /Ω
Qlo = (Tlo(Vc + Vlo))/Ω
Q = (TuVu − TlVli − Tlo(V c+ Vlo))/Ω
2.6.11f
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Figure 2.15: Coaxial Helicopter Forces (a)
Force equilibrium along the body axis
X = −mvr +mwq −Gsinθ +mu˙
Y = −mwp+mur −GcosθsinΦ +mv˙
Z = −muq +mvp−GcosθcosΦ +mw˙
L = Ixp˙− (Iy − Iz) qr
M = Iy q˙ − (Iz − Ix) pr
N = Iz r˙ − (Ix − Iy) pq
2.6.11g
The external (aerodynamics and body) forces, external (aerodynamics) moments and moments of
inertia, are the sum of the fuselage, upper and lower rotor, described in the literature [4].
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X = −Xu −Xl −Xpl −mvr +mwq −Gsinθ
Y = Yu + Yl + Ypl −mwp+mur −GcosθsinΦ
Z = −Zu − Zl − Zpl −muq +mvp+GcosθcosΦ
L = Lu + Ll − Lpl − (Iy − Iz) qr
M = Mu +Ml −Mpl − (Iz − Ix) pr
N = Nu +Nl −Npl − (Ix − Iy) pq
2.6.11h
The upper and lower rotor forces for case of a horizontal straightforward flight along y-axis are:
Lu = Tu yT + Yu zup + Lup
Ll = Tl yT + Yl zlr + Llr
2.6.11i
Terms such as yT are zero due to the offset between the rotor axis and the center of gravity. The
offset between the rotor axis and the helicopter’s center of gravity is expected to be zero. It is
assumed that the helicopter’s center of gravity is in line with the rotor axis.
Yu =
Lu−Lup
zup
Yl =
Ll−Llr
zlr
2.6.11j
The upper and lower rotor forces for case of a horizontal straightforward flight along x-axis are:
Mu = −Tu xT +Xu zup +Mup
Ml = −Tl xT +Xl zlr +Mlr
2.6.11k
Terms such as xT are zero due to the offset between the rotor axis and the center of gravity. The
offset between the rotor axis and the helicopter’s center of gravity is expected to be zero. It is
assumed that the helicopter’s center of gravity is in-line with the rotor axis.
Xu =
Mu−Mup
zup
Xl =
Ml−Mlr
zlr
2.6.11l
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Figure 2.16: Coaxial Helicopter Forces (b)
The upper and lower rotor forces for case of a horizontal straightforward flight along z-axis are:
Nu = Xu yT + Yu xT +Nup
Nl = Xl yT + Yl xT −Nlr
2.6.11m
Terms such as xT and yT , are zero due to the offset between the rotor axis and the center of gravity.
The offset between the rotor axis and the helicopter’s center of gravity is expected to be zero. It is
assumed that the helicopter’s center of gravity is in line with the rotor axis.
Nu = Nup
Nl = −Nlr
Nup = mup(1/2)ρAΩ
2
uR
3
Nlr = mlr(1/2)ρAΩ
2
lR
3
2.6.11n
where Nu is Aerodynamics moment along the z - axis acting at upper rotor, Nup is Rotational mo-
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ment along the z - axis acting at upper rotor, Nl is Aerodynamics moment along the z - axis acting
at lower rotor, Nlr is Rotational moment along the z - axis acting at lower rotor, mup is Rotational
moment coefficient for upper rotor, mlr is Rotational moment coefficient for lower rotor.
2.7 Thrust and Torque Coefficients
One of the major design parameters for the helicopter are the thrust and torque dimensionless
coefficients. In order to achieve the thrust and torque components dimensionless relationships, in
this work we use as representative velocity the rotor tip speed as its described in this work and the
literature [4]. The thrust force of the rotor is proportional to the thrust coefficient, the area swept
out by the rotor, air density, and the square of the circular velocity of the blade tip as described in
literature [1], [2] and [4]. The thrust depends on the number of revolutions and the thrust coefficient,
at a constant air density. The induced velocity may be calculated when the thrust is known.
Thrust and Torque coefficients CT and CQ are given by:
CT = CTu + CTl
CQ = CQu + CQl
2.7.1
The upper and lower thrust coefficients are given by:
CTu =
Tu
(1/2)ρA(ΩuR)2
CTl =
Tl
(1/2)ρA(ΩlR)2
2.7.2a
The upper and lower torque coefficient is given by:
CQu =
Qu
(1/2)ρAΩ2R3
CQl =
Ql
(1/2)ρAΩ2R3
2.7.2b
where Tu is upper rotor disk thrust, Tl is lower rotor disk thrust, Qu is upper rotor disk torque, Ql
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is lower rotor disk torque, R is blade radius, Ωu is upper rotor angular velocity, Ωl is lower rotor
angular velocity, ρ is density of air at 15 0C and sea level, A is the rotor disc area (A = R2 pi )
2.8 Figure of Merit
A criterion of efficiency to judge the effectiveness of the rotor in producing thrust is the Figure of
Merit. In the hovering flight condition, power is expended in producing thrust T , while the axial
flow velocity seen by the rotor V is zero. The lifting rotor needs some other measure of efficiency to
judge lifting capability. This is accomplished by comparing the actual power required to hover with
the ideal power required to hover. The Figure of Merit equation specifies the relationship among
the thrust and torque coefficient, number of blades, solidity, rotor radius and blade chord. The
larger the value of FM , the smaller the power required to produce a given thrust, or the larger
the thrust per unit power. An ideal rotor FM should equal 1. However, this is based on the
assumption of uniform inflow conditions, zero-profile drag, and no tip losses. The FM can be used
as a measure of the efficiency of a rotor generating thrust for a given power. It should only be used
as a comparative measure between two rotors at the same thrust coefficient. For the main rotor
thrust, we assumed that the inflow is steady and uniform. A momentum theory was adapted to
compute the thrust coefficient and inflow ratio as a function of airspeed, rotor speed and collective
setting. The momentum theory approach was shown to be adequate for estimating steady state
main rotor thrust both at hover and in fast forward flight.
This leads to the rotor Figure of Merit, FM , given by
FM =
CT
3/2
CQ
√
2
2.8.1
The coaxial helicopter FM has the same form as the single-rotor helicopter FM. The Figure of Merit
equation identifies relationships among the thrust and torque coefficient. The larger the value of
FM, the smaller the power required to produce a given thrust. The FM should only be used as a
relative measure between two helicopters at the same thrust coefficient.
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2.9 Inertia
Inertia opposes linear and angular acceleration to stabilize motion. To calculate the moment of
inertia, we assume the rotor can be modeled as thin disk, the rotor shaft as thin cylinder and
helicopter fuselage as solid cuboid or rectangular prism. Upper and lower rotors are same and they
have similar inertia (opposite directions). Direction of rotation is opposite between upper and lower
rotor. Inertia of stabilizer bar is neglected. The moment of inertia of helicopter fuselage modeled as
solid rectangular prism is shown in Figure 2.17.
a
xb zc
y
Figure 2.17: Helicopter fuselage moment of inertia
The moment of inertia for axis x, y and z that passes through center of gravity of fuselage.
Ix =
m(a2+b2)
12
Iy =
m(c2+b2)
12
Iz =
m(a2+c2)
12
2.9.1
Mass moment of inertia of blades (bar) about mass center
Ix =
m(D/2)2
6
Iy =
m(D/2)2
6
Iz =
mD2
12
2.9.2
where D is rotor’s diameter.
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Ix = Iy
Iz = Ix + Iy
2.9.3
The rotor’s shaft inertia, modeled as a hollow cylinder
Ix =
m(as
2+bs
2)
4 +
ml2
3
Iy =
m(as
2+bs
2)
4 +
ml2
3
Iz =
m(as
2+bs
2)
2
2.9.4
where m is mass (mass of blade or mass of shaft, or mass of fuselage), as is outer radius of shaft,
bs is inside radius of shaft, a is length of fuselage (rectangular prism), l is length of shaft, b is height
of fuselage (rectangular prism), c is depth of fuselage (rectangular prism).
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Chapter 3: Actuator Dynamics
3.1 Introduction
A fully functional flight control is crucial for micro coaxial helicopter. A typical coaxial rotorcraft
actuator dynamics system (including the two rotors, swash-plate, pitch links, etc.) is relatively
complex. Aerodynamic symmetry is an important coaxial helicopter characteristics. It improves
its controllability and stability significantly. Rotors’ side forces in different directions balance each
other with their lateral moment, which occurs due to their separation being insignificant. As a
results of the lack of the tail rotor, the coaxial helicopter is not subject to the constant influence of
the alternate side force. The coaxial design confirms a smooth combination of efficient control and
aerodynamic damping, which provides good controllability. The micro coaxial helicopter motions
are controlled by the two main rotors. We first need to understand the behaviors of the two rotors
in flight before analyzing the dynamics of coaxial helicopter. The two rotors are the important
mechanisms in this helicopter design because they generate most of the forces and torques applied
to the helicopter body.
The upper rotor of the helicopter is not linked to any servo, so a mechanical stabilizer is used to
induce cyclic pitch control of the rotor when it senses the inclination of the fuselage. The upper
rotor is equipped with an adjustable linkage between the Stabilizer Fly-bar and upper rotor. This
linkage allows tuning the tracking of the upper rotor for smoother and more stable performance
as described in the literature [4], [14] and [19]. The stabilizer bar with upper rotor forms a Hiller
control system. The Hiller control system has the effect of changing in reaction to helicopter tilt
to slow and stabilize tilt motion. In the absence of aerodynamic forces and external moments, the
fly-bar behaves as a gyroscope, maintaining its orientation relative to inertial space. In a hover, the
fly-bar angle is zero.
The lower rotor is connected to two servos, which control the helicopter’s pitch and roll. The
rotational velocity of rotors is controlled by two different motors. The forward-facing motor changes
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Figure 3.1: Upper rotor
 
Figure 3.2: Lower rotor
the blade speed of the upper rotor while the back motor controls the lower rotor. The parameters
relating the angular velocities of the helicopter to the lateral and longitudinal motion, as well as
the effects of the velocities on the moments are to be identified. The velocities are also affected by
gravitational force acting on the aircraft due to the change in the lateral and longitudinal position.
3.2 Control Inputs
The control system provides external inputs to servo and motor to generate pitch, roll, and rotor
speed. These controls cause forces and torques to be applied to the helicopter and result in helicopter
movement. There are four inputs available for the model helicopter. The control inputs for the micro
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coaxial helicopter are applied in ways different from larger helicopters.
Yaw Control
Yaw control can be performed by varying the difference in rotational speed between the two rotors,
creating a torque applied to the fuselage. Helicopter will turn to the left with an increase in speed
of the lower rotor while decreasing the speed of the upper rotor. Helicopter will turn to the right
with an increase in speed of the upper rotor while decreasing the speed of the lower rotor.
The upper and lower disk direction of the rotor rotation is shown in Figure 2.10.
Thrust Control
Thrust (altitude) control is accomplished by varying the rotational speed (rpm) of the both rotors
simultaneously and the same value (Figure 2.9). The rotational velocity of rotors is controlled by two
different motors. The front motor changes speed of the upper rotor, while the back motor controls
the lower rotor. When the speed of both rotors increases, the helicopter climbs, and when the speed
of both rotors decreases, the helicopter descends.
Pitch Control
Pitch (longitudinal pitch) is controlled by varying the angle of the rotors as they go around (tilting
the rotor back and forth). When the pitch input is applied to the system, the rear servomotor will
push the swash-plate upward/downward, tilting the rotor disk back and forth. The control input
for the forward flight is when the rear servo motor, on the left hand side looking from tail, pushes
the swash-plate upward. When the control input pitches the nose of the helicopter downward, the
helicopter moves forward (forward flight shown in Figure 2.9). The control input for the rearward
flight is when the rear servo motor, on the left hand side looking from tail, pushes the swash-plate
downward (rearward flight shown in Figure 2.9). When the control input pitches the nose of the
helicopter upward, the helicopter moves backward (rearward flight).
Roll Control
When moved left or right the rotor tilts in that direction and the helicopter banks and rolls. Roll
is controlled by varying the angle of the rotors left or right. When the control input applied to the
system, the forward servomotor will push the swash-plate upward/downward. The control input for
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the roll helicopter to the left is when the forward servo motor pushes the swash-plate upward. When
the control input left pushes the swash-plate upward, the helicopter rolls to the left. The control
input for the roll helicopter to the right is when the forward servo motor push the swash-plate
downward. When the control input right pushes the swash-plate downward, the helicopter rolls to
the right.
3.3 Linearization
Understanding the flight behavior of helicopters and rising rational descriptions for the many dy-
namic characteristics, cannot be achieved simply through developing the equations, or even by
building a simulation model, only. These are needed but insufficient activities. The development of
a deep understanding of flight behavior comes from the intellectual interaction between theory and
practice, with an accent on hands-on practice and analytical theory. Most of the understanding of
stability has come from somewhat simple theoretical approximations. The equations used during
model development process are the three forces (X, Y, and Z) equations and the three moments
(rolling, pitching, and yawing) equations are nonlinear.
An essential assumption of linearization is that the external forces X, Y and Z and moments L, M and
N can be represented as analytic functions of the disturbed motion variables and their derivatives.
Taylor’s theorem for analytic functions then implies that if the force and moment functions (i.e., the
aerodynamic loadings) and all its derivatives are known at any one point (the trim condition), then
the behavior of that function anywhere in its analytic range can be estimated from an expansion of
the function in a series about the known point. Using small perturbation theory as described in the
literature [1], we assume that, during disturbed motion, the helicopter behavior can be described as
a perturbation from the trim, written in the form
x = xe + δx 3.3.1
The forces can be written in the approximate form
X = Xe +
∂X
∂u
δu+
∂X
∂w
δw + ...+
∂X
∂θ0
δθ0 + ... 3.3.2
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All six forces and moments can be expanded in this manner. The linear approximation also contains
terms in the rates of change of motion and control variables with time, but we shall neglect these
initially. The partial nature of the derivatives indicates that they are obtained with all the other
DoFs held fixed; this is simply another manifestation of the linearity assumption. For further analysis
we shall drop the perturbation notation, and write the derivatives in the form,
∂X
∂u
= Xu etc... 3.3.3
The validity of linearization depends on the behavior of the forces at small amplitude, i.e.; as the
motion and control disturbances become very small, the dominant effect should be a linear one.
Trim model is based on a perturbed-state assumptions hence the trim values around the point of
linearization must be accounted for in the model. We account for the known trim values by modeling
them as fixed preferences. Input preferences are implemented to account for the initial conditions
of the inputs. The initial conditions of other states are also modeled through variable preferences.
The basic structure of the model can be defined in the well-known linear state space form.
The linearized equations can be used in state-space modeling.
It’s appropriate to choose the output variables to be the state variables as follows:
x˙ = Ax+B2u (3.3.4a)
y = C2x+Du (3.3.4b)
Where C = I is identity matrix (n x n), D = 0 is zero matrix (n x m),
The linearized equations of motion for the full 6 DoFs, describing perturbed motion about a general
trim condition, can then be written as
x˙ = Ax+B2u(t) + f(t) 3.3.5
where the additional function f(t) has been included to represent atmospheric and other disturbances.
The coefficients in the A and B matrices represent the gradient of the forces and moments at the
trim point reflecting the strict definition of the stability and control derivatives. C is the output
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matrix (which is usually an identity matrix), D is the matrix representing coupling between input
and output (which for aircraft applications usually consists of zeros), ”u” is the input vector , and
”y” is the output vector.
The linearized model’s state vector ”x” is defined as the change in each state from the nominal
linearized condition. For the helicopter control, we define observable states to correspond with the
standard 12 states of 6 DoF rigid body model.
x =
[
x y z u v w φ θ ψ p q r
]T
(3.3.6)
The input vector ”u” represents the changes in control inputs, with respect to the linearized condi-
tion. It can be separated into components as follows:
u =
[
u1 u2 u3 u4
]
=
[
δm δz δl δn
]
(3.3.7)
The state-space equations can be used for the simulation of aircraft motion following a control in-
put using MATLAB and Simulink. The state-space equations have a further advantage in that the
equations can be used to simulate not only the single input single output (SISO) motion, but also
the multiple input multiple output (MIMO) motion of the aircraft.
The 6-DoF model developed for the micro coaxial helicopter incorporate the state-space represen-
tation of the equations of motion. A and B matrices also consist of the derivatives that represent
the coupling between the various dynamics. A few of them have a effect on the helicopter dynamics.
The others have a negligible effect on the dynamics.
3.4 The Dynamics with Control Inputs
The coaxial design guarantees a smooth combination of efficient control and aerodynamic damping.
The controls of micro coaxial helicopter are essentially similar as those for single-rotor helicopters.
We will model the helicopter as a rigid body moving in space. In the helicopter model we will use the
Rigid Body equations of motion as shown in Equation 2.4.1. The moment of force is a measure of its
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tendency to rotate an object about some point. The helicopter components of the resultant moment
in the body axis system are L, M and N. The moment of inertia measures the object’s ability to
resist changes in rotational speed about a specific axis. The larger the moment of inertia the smaller
the angular acceleration about that axis for a given torque. Euler angles are means of representing
the spatial orientation of any frame of the space as a composition of rotations from a reference
frame. Because it is a rigid body, the helicopter’s position and orientation in body coordinates will
always be zero; however, the velocity and acceleration terms are significantly simplified by using
these coordinates. The aerodynamic interface between the rotor and the fuselage is ignored. The
standard rigid body dynamical equation will be used to model the motion of the helicopter in its
environment. The offset between the rotor axis and the helicopter’s center of gravity is expected to
be zero. It is assumed that the helicopter’s center of gravity is in line with the rotor axis. In order to
develop a coupled body/rotor dynamics model, a hybrid model is used in which the rotor and body
virtual steady dynamics are combined. The inputs are directly included in the rotor dynamics.
The micro coaxial helicopter forces and moments with direct control inputs could be divided as
following:
Z = −Zu − Zl − Zpl −muq +mvp+GcosθcosΦ + Ezδz
L = Lu + Ll − Lpl − (Iy − Iz) qr + Elδl
M = Mu +Ml −Mpl − (Iz − Ix) pr + Emδm
N = Nu +Nl −Npl − (Ix − Iy) pq + Enδn
3.4
In this work, the following values are used as control inputs:
δz is altitude input, δl is roll input, δm is pitch input, δn is yaw input. Ez is the thrust control
derivative, El is the rolling moment control derivative, Em is the pitching moment control deriva-
tive, En is the yawing moment control derivative.
It is assumed that the blade axis, aerodynamics axis, control axis and center of mass axis match.
Also, in hovering, the sum of all forces and moments on the helicopter center of mass has to be zero.
Identifying stability and control derivatives from flight test data can be used to provide accurate
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linear models for control law design or in the estimation of handling qualities parameters. Our
principal interest at this time is the application to simulation model validation.
Rotor force and moment derivatives are closely related to individual thrust and flapping derivatives.
Many of the derivatives are strongly nonlinear functions of velocity, particularly the velocity deriva-
tives themselves. The derivatives are also nonlinear functions of the changes in down-wash during
perturbed motion, and can be written as a linear combination of the individual effects, as in the
thrust coefficient change with advance ratio.
There are three approaches to estimating stability and control derivatives: analytic, numerical, back-
ward - forward differencing scheme and system identification techniques.
The system identification approach seeks to find the best overall model fit and, as such, will embody
the effects of any nonlinearities and couplings into the equivalent derivative estimates. The states
are no longer perturbed independently; instead, the nonlinear model, or test aircraft, is excited by
the controls so that the aircraft responds in some ’optimal’ manner that leads to the maximum
ability to identify the derivatives. The derivatives are varied as a group until the best fit is obtained.
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Chapter 4: Experimental Study
4.1 Introduction
In order to correctly predict the micro coaxial helicopter flight dynamics, a comprehensive physical
model is essential. This model should be as general as possible, creating the minimum number of
assumptions. These data were to be used to estimate some of the parameters of the rotor model.
The results from the experimental test were to be used to validate the helicopter model. Also,
experimental tests have an impact on learning about the micro coaxial helicopter configuration.
Along with gathering data, the fixture is being used for safe testing of the helicopter. The test
fixture holds the helicopter, keeping it from coming into contact with objects as well as people.
While using the test fixture shown in Figure 4.1, it was found that it would be necessary to isolate
roll, pitch and yaw.
4.2 Micro Coaxial Helicopter Modeling Process
The helicopter testing and measurement was performed to better understand technical characteris-
tics of the helicopter and vital parts.
The modeling process includes the following steps:
1. Existing configuration measurement includes the following: blade characteristics (dimensions,
weight), DC motor characteristics (electro. characteristics, weight), servo motor characteristics
(electro. characteristics, weight), major parts weight.
2. Helicopter testing using the Test bench includes the following: testing in hover, vertical (axial)
flight test, the helicopter testing with different load/weights (min. to max. weight).
3. Development includes the following: the helicopter configuration development with a new blade,
theoretical explanation and rationale to use a new blade design, investigation and estimate of pos-
sibility to use other DC Motor than the existing one, theoretical explanation and rationale to use a
new electrical motor.
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4.3 Investigation
To achieve indoor flight, the unmanned micro coaxial helicopter required the installation of instru-
ments and sensors on aircraft. In order to install instrumentation on the micro helicopter, it was
necessary to understand the helicopter payload capabilities. The weight-lifting experiment will re-
solve the payload capabilities for the purpose of sizing the instrumentation.
 
Test fixture 
 
Blade CX2 Helicopter 
Figure 4.1: Test fixture with coaxial helicopter
While the hover performance of conventional full-scale rotorcraft configurations is known in the
literature, the hover performance of micro coaxial helicopter in hover is unknown. Therefore, the
baseline configuration micro coaxial helicopter was flown in a laboratory environment. It was tested
in a custom-designed hover stand to evaluate its performance. The primary disturbance source is
wind gust. Because the helicopter is so small and dense, disturbances are relatively small for indoor
flight. Rotor speed was measured by a Portable Stroboscope. Rotor thrust was measured by a digital
scale. Input power for the electric motor was recorded by use of a voltmeter attached to the power
input cables. Rotor shaft power was estimated using a correction methodology based on electric
motor efficiency estimates. Hobbyist radio-controlled (RC) helicopter model Blade CX2 Helicopter
was utilized for these experiments [31].
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4.4 Description of Experimental Test
Hobbyist radio-controlled helicopter Blade CX2 model with its original rotor blades was used for
experiments. In the hovering flight condition, power is expended in producing thrust, while the axial
flow velocity seen by the rotor is zero. The lifting rotor needs some other measure of efficiency to
judge lifting capability. This is accomplished by comparing the actual power required to hover with
the ideal (total) power required to hover. This leads to the rotor Figure of Merit (FM). The Figure
of Merit was a crucial factor of efficiency to evaluate effectiveness of helicopter rotors in producing
thrust. The larger the value of FM, the smaller the power required to produce a given thrust, or the
larger the thrust per unit power. As described in literature [1], [2] and [6], for moderate values of
thrust coefficient typical solidity, a good FM value is around 0.75. However, this estimate is based
on the assumption of uniform inflow conditions, zero-prone drag, and no tip losses.
The FM shown in Equation 2.8.1 can be used as the efficiency measure of a rotor generating thrust
for a given power. The coaxial rotor FM has the same form as for single rotor. As described in
literature [22], the rotor FM for the coaxial rotor is much higher than for the single rotor of equal
solidity (σ).
The rotor blade solidity factor σ is defined by relationship between the blade area and disc area as
follows:
σ = blade area
disc area
= Nb c Rpi R2 =
Nb c
pi R
4.4.1
where Nb is number of blades on rotor, c is rotor blade chord, R is rotor radius.
The DC Motor characteristics were measured and calculated using the following formulas:
ωm = (Qstm −Qm) ωn / Qstm 4.4.2
where ωm is speed of the DC Motor output shaft, Qstm is stall torque, ωn is speed without load,
Qm is the DC Motor torque.
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4.5 Experimental Study Analysis
The micro coaxial helicopter was installed as shown in Figure 4.1. The tests were performed with test
results explained below. During our experiment the speed of the DC Motor shaft (rpm) was adjusted
remotely by a transmitter. The test stand provided the ability to perform tests in hover and vertical
(axial) flight. This test provided fundamental data for developing a new micro coaxial helicopter
configuration including a new micro helicopter parts like rotor blade and motors. We would have
the ability to install required sensors and instruments on the new micro coaxial helicopter. The new
helicopter configuration with the controller and sensors would be able to perform tasks for an indoor
flight mission like inspection, surveillance, and so on.
Extensive testing was performed to establish a relationship between the electric motor characteristics
and the rotor characteristics. In order to find the relationship between the shaft speed and the motor
shaft torque, we computed the electric motor torque using Equation 4.4.2. Current configuration
has the electric motor with speed without load (output speed of the motor is max. without torque
applied to the output shaft) is ωn = 16 000 (rpm). Torque is inversely proportional to the speed of
the motor shaft. The electric motor speed (rpm) and electric motor torque are shown in Figure 4.2.
Relationship between the torque generated by the electric motor and by coaxial rotors is shown in
Figure 4.3 and expressed by the following equation:
Qr = Gr Qm
Gr =
Mg
Tp
4.5.1
where Qr is rotor torque, Qm is motor torque, Gr is gear to pinion ratio, Mg is main gear teeth, Tp
is pinion teeth.
The electric motor speed and the rotor torque and speed are shown in Figure 4.4. It’s useful to
have the relationship between the rotor speed and rotor torque as shown in Figure 4.5. The electric
motor power is changed with voltage (motor supply) change. Connection between the both rotors
speed (upper and lower rotors speed) and electric motors supply (volts) is shown in Figure 4.6.
The thrust and torque coefficients for upper and lower rotor were computed using the thrust and
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Figure 4.2: The Electric Motor speed and torque
torque coefficients equations described in this work (Equation 2.7.2).
4.5.1 Measurement and test results
The micro coaxial helicopter used during experimental test has the following data:
Gw = 0.4735 lb, A = 1.001 ft2, R = 6.77 inch, ρ = 0.07647 lb/ft2
Measurement was performed at the beginning of hover with results as follows: The upper rotor
speed (ωu) was 226 rpm and lower rotor speed (ωl) was 213 rpm. The helicopter total weight was
0.4735 lb.
The rotor torque are as follows: The upper rotor torque was 0.56 lb-inch, The lower rotor torque
was 0.57 lb-inch.
The thrust and torque coefficients are as follows: CTu = 0.1153, CTl = 0.1299, CT = 0.2452, CQu
= 3.45, CQl = 3.96, CQ = 7.41.
Figure of Merit (FM) was 0.01158.
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Figure 4.3: The Helicopter’s Rotor torque and Electric Motor torque
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4.5.2 Experimental Study Summary
The micro coaxial helicopter analysis offer data (weight, thrust at hover, electric motor supply
voltage, the moment of inertia) that we could use during further work on the Controller design and
Flight simulation (MatLab, Simulink and FlightGear flight simulator).
The micro coaxial helicopter performance regarding cargo (payload) and efficiency was poor.
It would be necessary to develop a new micro coaxial helicopter with a goal to achieve a helicopter
configuration with optimum size and power.
The requirement for indoor flight introduces limits related to the helicopter size. The helicopter
power shall be increased to provide lift, optimum speed for indoor flight and payload shall be able
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to carry all essential sensors and instruments.
The new micro helicopter configuration should introduce improvement for the rotor blades, electric
motor and an electric battery (motor supply). The improved helicopter design would be able to
perform flight test and achieve all required tasks.
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Chapter 5: Flight Control Design
5.1 Model Analysis
There exists a wide range of studies on the dynamics of full-scale helicopters. The models used in
full-scale helicopter simulators are high order and cover a large number of parameters. A few of
the full-scale helicopters have the control ability of most active small-scale helicopters. The micro
coaxial helicopters are now well within the reach of many hobbyists. However, these helicopters
models’ are unstable. Even with improved stability amplification devices, a skilled, experienced
person is required to control them during flight. The micro helicopter is a highly maneuverable
device. In this work we will model the helicopter as a rigid body moving in space. The standard
rigid body dynamical equation will be used to model the motion of the helicopter in its environment
as it’s described in this work and in the literature [1], [2] and [4]. For comprehensive analysis and
controller design, it is convenient to work with a closed-form mathematical model of a system. A
good mathematical model is one that will approximate the system responses to given inputs in
its region of validity with acceptable accuracy. The helicopter is a nonlinear, unstable and highly
coupled system and it exhibits considerably different responses to inputs in every flight regime (such
as hover, cruise, turning flight, etc.). Hence, it is not always reasonable to develop a single linear
model that is valid throughout the flight envelope; the outline must be applied to approximate the
model dynamics mathematically using closed-form equations. It is common practice to linearize
a complex system about a nominal set point for the purpose of design and analysis. For these
linearized models to be valid, the nonlinear system must behave linearly within a defined region
about the specified nominal point. Additionally, the system must operate within the defined linear
region for the duration of concern. This approach is valid for many nonlinear systems operating at
stable steady-state or quasi-steady-state conditions, but is questionable when extremely nonlinear
behavior is leading. A sequence of linear models is used to truly approximate the nonlinear system,
which allows for linear system analysis and controller design methods to be engaged.
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A modeling in state space approach was chosen due to the follow-on computational capabilities.
The linear model is also found to be well suited for simulation purposes. The model that takes in a
linearized 6-DoF MIMO state-space realization of the aircraft dynamics about a user-defined trim
point. The basic structure of the model can be defined in the well-known linear state space form.
The control problem schematic representation in its simplest generalized form is shown in Figure
5.1. The G generalized plant is the system to be controlled by the controller, K. Together G and K
form the closed-loop system. The problem is categorized by the aspiration for the plant to follow,
or track, some reference command θr. This is done by creating an appropriate control input to the
generalized plant, u(t), the exogenous input to the system w1, based on the measured output of the
plant, y(t), while simultaneously trying to minimize the influence of disturbances on the plant, v(t).
The effectiveness of K is evaluated by its ability to minimize the norm of the controlled output
vector, z(t). This vector is typically separated into two parts: the output-tracking error, z1(t), and
the control input constraints, z2(t).
K 
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Figure 5.1: The tracking closed-loop system
For the work discussed within this dissertation, the controller, K, is designed to stabilize the
closed-loop system, to fly the flying aircraft under some itemized condition(s), and to minimize the
brief and steady-state tracking errors subject to control input restrictions.
To meet these goals, the servomechanism formulation can be carried out using output-tracking
regulation theory with conjunction with H2 optimization schemes.
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The generalized plant G can be described by the equation 5.1.1 ,
x˙(t) = A x(t) +B1 w1(t) +B2 u(t)
y(t) = C2 x(t) + v(t)
5.1.1
,
z(t) =
 C1u
0
x(t) +
 D11u
0
 θr(t) +
 0
D12d
u(t) 5.1.2
B2 = B 5.1.3
where A is plant state-space internal dynamics matrix, B1 is state-space input disturbance matrix,
B2 is state-space input control matrix, C2 is state-space observation matrix, x is the state vector,
y is the measured output vector, C1u is control output gain matrix, D1lu is identity matrix, θr is
reference command, D12d is controlled output gain matrix, u is the control input vector, v is the
measurement noise, z is the controlled output vector, w1 is the input vector to the system developed
from external factors (exogenous input or disturbance to the system).
5.2 Controller Design
5.2.1 General
Controller development throughout this dissertation is originated on a very specific control scheme,
based on closed-loop multi-variable output-tracking regulation and H2 optimized feedback control.
This structure acts as the basis of each system presented herein. As such, this structure is worth
reviewing for the general case before going into specific examples, allowances, and applications. The
basic concept of output-tracking control is very direct. An output-tracking controller is a closed-loop
system that measures the output of a system plant and adjusts the input to the plant such that
the output tracks a desired reference signal. The servomechanism design is engaged to develop a
closed-loop output-tracking regulator that uses input gain matrices together with an H2 feedback
controller to regulate the output of the aircraft parameters. The gains are used in combination with
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the input signal from external factors to extend the state feedback into the generalized plant. In
more advanced cases, the structure of the controller could be extended to include outer-loop compen-
sator and reference input preprocessing subsystems. The basic structure of the model can be defined
in the linear state space form. The initial effort is focused on identification of parameters of the
model in hover. Since the identified parameters will be valid only around the point of linearization,
different models must be identified for other types of flight.
For complex and nonlinear systems, the simulation can be carried out using the in-sequence linearized
models. It is similar in nature to a approximation of the nonlinear system, where an approximately
equivalent system is created from a set of linear models. The convenience of this approach is that
linear analysis and design techniques can later be engaged for working with related dynamics. After
simulation, the recorded states can be analyzed and transitional points in the dynamic performance
can be distinguished. Linear analysis techniques can therefore be used to govern characteristics of
parts of the trajectory as represented by the multi-linear model by using the localized mathematical
solutions defined within the multi-linear model. The model is based on a perturbed-state assump-
tions; hence the trim values around the point of linearization must be accounted for in the model.
We account for the known trim values by modeling them as fixed preferences. Input preferences
are implemented to account for the initial conditions of the inputs. The initial conditions of other
states are also modeled through variable preferences. This structure is derived for a linear system
model. When systems act linearly and match the linear model, about which such regulation gains
are defined, zero steady-state tracking error is indeed reachable using this control method. However,
for poorly modeled systems, or nonlinear systems whose behavior deviates from the region about
which dynamics were linearized, this approach must be extended to be effective in practice. The
Matlab-Simulink model has four inputs and the 6DoF Block. The 6 (six) control inputs to plant or
6DoF Block (Matlab-Simulink Aerospace Block) are forces and moments (X, Y, Z, L, M, N), shown
in Equation 2.4.1. The micro coaxial helicopter forces and moments with 4 control inputs are shown
in Equation 3.4.
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5.2.2 Controller
To achieve target tracking and subsystem alignment, an optimal controller is constructed based on
the H2 control theory and regulator theory described in this work and in the literature [8], [24], [25]
and [26]. This thesis will consider the feedback control system described in the literature for the
Tracking controller with full-state feedback. Consider the feedback control system shown in Figure
5.1 in which G(s) is the nominal plant and K(s) is the nominal controller that gives an optimal H2
closed-loop performance.
The controlled output vector can be defined as
z(t) =
 z1(t)
z2(t)
 =
 C1u
0
x(t) +
 D11u
0
 θr(t) +
 0
D12d
u(t) 5.2.1a
The tracking command θr(t) is described by following
θ˙r(t) = Z θr(t) + wr(t) 5.2.1b
Where Z is zero (0) if θr(t) is a step function with arbitrary amplitude, wr(t) is an impulse function
with arbitrary intensity, z1(t) is the output-tracking error, z2(t) is the control input constraints.
The problem now is to find a controller K as illustrated in Figure 5.2 so that,
i) the closed-loop system is internally stable,
ii) both tracking error and alignment error are zero at steady state,
iii) the performance index is minimized.
This can be achieved using the structure of the controller shown in Figure 5.2. The final step in
assembling the tracking controller K is to combine the exogenous input estimator, the regulator
parameters W and U, and the state feedback gain F. As long as the closed-loop system is internally
stable and matches the plant model well, steady-state regulation will take place if W and U are
chosen to satisfy the equations, as explained in next section of this work.
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Figure 5.2: Generalized structure of a servomechanism output-tracking control regulator
5.2.3 Controller and Steady-State Regulation
The generalized structure of the controller is illustrated in Figure 5.2. The condition for the stabi-
lizing controller is that the A, B2 , C2 are stabilizable and detectable [8], [24] and [25].
For the stabilizable and detectable system defined by A, B2 , C2, let ,
x¯ = x−W θR
u¯ = u− U θR
5.2.2
By substitution, the system, defined in Eq. 5.2.1, can now be expressed as,
˙¯x(t) = A x¯(t) +B1 w(t) +B2 u¯(t) + (A W +B2 U) θR(t)
z1(t) = C1u x¯(t) + (C1u W +D11u) θR(t)
5.2.3
Setting coefficients of θR(t) to zero ( θR(t) 6= 0), it becomes as shown below,
A W +B2 U = 0
C1u W +D11u = 0
5.2.4
According to the regulator theory, as described in the literature [7], [8], [24] and [25] zero steady-
state tracking error is achievable by designing the controller parameters W and U to satisfy these
equations. Note that, in our case, output regulation gains U and W are calculated in Mathematica
[29]. If the closed-loop system is internally stable, the steady-state regulation will take place.
The system can be expressed as,
˙¯x(t) = A x¯(t) +B1 w(t) +B2 u¯(t) 5.2.5
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z(t) =
 C1u
0
 x¯(t) +
 0
D12d
 u¯(t) 5.2.6
Where C1u is control output gain matrix (matrix [4x12]) and D1lu is identity matrix ([4x4]).
5.2.4 State Feedback Gain F
The final element necessary for executing this control structure is perhaps the most critical. The
state feedback gain F is created on chosen weighting matrices that balance the cost of transient
performance and input power. For nonlinear systems, this gain may also control overall system sta-
bility. Design of the state feedback gain begins with the selection of the above-mentioned weighting
matrices. The general form of the servomechanism based output regulating tracking controller using
H2 optimization is thus well-defined. It is now suitable to begin exploring this control scheme. In
the state feedback, we assume that the whole state x can be measured and as a result it is available
for control. In this work, we will implement full-state feedback gain F and omit the estimator con-
struction as shown in Figure 5.2.
We will design state feedback using nominal values of parameters and we will try to choose controlled
output gains matrices. State feedback Gain F is achieved from the solution of the algebraic Riccati
equation. The Gain F is computed as follows
F = −R−1 BT X 5.2.7
where X is the positive semi-definite stabilizing solution of the following continuous time algebraic
Riccati equation
AT X +X A−X B R−1 BT X +Q = 0 5.2.8
The algebraic Riccati equation determines the solution of the Linear Quadratic Regulator problem
(Matlab command lqr).
[F1] = lqr (A, B, Q, R) 5.2.9
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It needs to be noticed that F = −F1. Some methods assume that for state feedback u = Fx ,
though some assume that u = −Fx. The Matlab has the state feedback law u = - F x minimize the
cost function, so in this work we need to change F to -F for our simulation.
In order to design state feedback, we need to define matrices Q and R. The state feedback is designed
by using parameters and matrices Q and R in such a way that the state response is stable. The Q
and R matrix choice is an important part of the state feedback gain design.
The most common choice of weighting matrices Q and R is diagonal matrices. The good values of
R for micro coaxial helicopter nonlinear simulation were found out by trial and error.
R = D12d
T D12d 5.2.10
Q = C1u
T C1u 5.2.11
where D12d is controlled output gains, C1u is control output gain matrix.
The linear quadratic regulation method is used for determining our state-feedback control gain ma-
trix F. The term ”linear-quadratic” refers to the linear system dynamics and the quadratic cost
function and we seek to find the gain vector F to minimize the ”cost function”. The MATLAB func-
tion lqr allows you to choose two parameters, R and Q, which will balance the relative importance
of the control effort (u) and error (deviation from 0), respectively, in the cost function that we are
trying to optimize. The cost function corresponding to this R and Q places equal importance on the
control and the state variables which are outputs. Both matrices Q and R are symmetric real, Q is
assumed to be at least positive-semi-definite (Q = Q ≥ 0), R must be positive-definite (R = R > 0).
If we set Q relatively large compared to R, the optimization procedure will result in the design in
which x(t) is relatively ”small” compared to u(t). If, in contrast, Q is rather small, that will tend
to make x(t) larger and u(t) smaller. Increasing the magnitude of Q more would make the tracking
error smaller, but would require greater control u. More control effort generally corresponds to
greater cost (more energy, larger components and actuator, etc.). The micro helicopter has a fast
time domain response due to its small size, and it’s sensitive to small changes of parameters and
matrices.
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Chapter 6: Vertical Flight
6.1 Model Analysis
The micro helicopter is a highly maneuverable device. We will model the helicopter as a rigid body
moving in space. The standard rigid body dynamical equation will be used to model the motion
of the helicopter in its environment as it’s described in this work and in the literature [1], [2] and
[4]. For comprehensive analysis and controller design, it is convenient to work with a closed-form
mathematical model of a system. The helicopter is a nonlinear, unstable and highly coupled system
and it exhibits considerably different responses to inputs in every flight regime (such as hover, cruise,
turning during flight etc.). It is common practice to linearize a complex system about a nominal set
point for the purpose of design and analysis. A sequence of linear models is used to truly approx-
imate the nonlinear system, which allows for linear system analysis and controller design methods
to be engaged. The model incorporate initial conditions of the inputs and initial conditions of other
states. They are presented through variable preferences at hover because in this work the initial
effort is focused on identification of parameters of the model in hover. Modeling in state space ap-
proach was chosen due to the follow-on computational capabilities. The control problem schematic
representation in its simplest generalized form is shown in Figure 5.1. The G generalized plant is
the system to be controlled by the controller, K. Together, G and K form the closed-loop system.
The problem is categorized by a aspiration for the plant to follow, or track, some reference command
θr. This is done by creating an appropriate control input to the generalized plant, u(t), the exoge-
nous input to the system w1, based on the measured output of the plant, y(t), while simultaneously
trying to minimize the influence of disturbances on the plant, v(t).
The effectiveness of K is evaluated by its ability to minimize the norm of the controlled output
vector, z(t). This vector is typically separated into two parts: the output-tracking error, z1(t), and
the control input constraints, z2(t).
For the work discussed within this dissertation, the controller, K, is designed to stabilize the closed-
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loop system, to fly the flying aircraft under some itemized condition(s), and to minimize the brief and
steady-state tracking errors subject to control input restrictions. To meet these goals, the servomech-
anism formulation can be carried out using output-tracking regulation theory with conjunction with
H2 optimization schemes. The generalized plant G can be described by the equations 5.1.1. The
linear state-space model was compute using the MatLab/Simulink command linmod. The linmod
command extracts a continuous-time linear state-space model around an operating point.
[ A, B, C, D]= linmod(’OpenLoop’) 6.1.1
The system A, B, C and D matrices are as follows:
A =

0 0 0 0.995 0 0.0998 0.0099 0.0895 −0.1 0 0 0
0 0 0 0 1 0 −0.1 0 0.1095 0 0 0
0 0 0 −0.0998 0 0.995 0.0995 −0.1095 0 0 0 0
0 0 0 0 0.1 −0.1 0 0 0 0 −0.1 0.1
0 0 0 −0.1 0 0.1 0 0 0 0.1 0 −0.1
0 0 0 0.1 −0.1 0 0 0 0 −0.1 0.1 0
0 0 0 0 0 0 0.01 0.1 0 1 0 0.1003
0 0 0 0 0 0 −0.1 0 0 0 1 0
0 0 0 0 0 0 0.1005 0.0101 0 0 0 1.005
0 0 0 0 0 0 0 0 0 0 −2× 10−14 2× 10−14
0 0 0 0 0 0 0 0 0 2× 10−14 0 −2× 10−14
0 0 0 0 0 0 0 0 0 −2× 10−14 2× 10−14 0

(6.1.2)
B =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 5 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0.0002 0
0.0002 0 0 0
0 0 0 0.3

(6.1.3)
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C =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

(6.1.4)
D =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

(6.1.5)
6.2 Controller Design
6.2.1 General
For the applications discussed in this work, a servomechanism design is engaged to develop a closed-
loop output-tracking regulator that uses input gain matrices together with an H2 feedback controller
to regulate the output of the aircraft parameters. The basic structure of the model can be defined in
the linear state space form. The initial effort is focused on identification of parameters of the linear
model in hover. Since the identified parameters will be valid only around the point of linearization,
different models must be identified for other types of flight.
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Input preferences are implemented to account for the initial conditions of the inputs. The initial
conditions of other states are modeled through variable preferences.
This structure is derived for a linear system model. When systems act linearly and match the linear
model, about which such regulation gains are defined, zero steady-state tracking error is indeed
reachable using this control method.
The 6 (six) control inputs to plant or 6DOF Block (Matlab-Simulink Aerospace Block) are forces
and moments (X, Y, Z, L, M, N), shown in Equation 2.4.1. The micro coaxial helicopter forces and
moments with 4 control inputs are shown in Equation 3.4.
We use the MatLab-Simulink [28] 6DoF Aerospace Block-set to implement Euler angle representation
of six-degrees-of-freedom equations of motion. The 6DoF (Euler Angles) block considers the rotation
of a body-fixed coordinate frame about an Earth-fixed reference frame. The origin of the body-fixed
coordinate frame is the center of gravity of the body, and the body is assumed to be rigid, an
assumption that eliminates the need to consider the forces acting between individual elements of
mass.
6.2.2 Controller
To achieve target tracking and subsystem alignment, an optimal controller is constructed based on
the H2 control theory and regulator theory described in this work and in the literature [8], [24],
[25] and [26]. This thesis will consider the feedback control system described in literature for the
Tracking controller with full-state feedback. Consider the feedback control system shown in Figure
5.1 in which G(s) is the nominal plant and K(s) is the nominal controller that gives an optimal H2
closed-loop performance. The controlled output vector can be defined as shown in Equation 5.2.1.
The problem now is to find a controller K as illustrated in Figure 5.2. The final step in assembling
the tracking controller K is to combine the exogenous input estimator, the regulator parameters W
and U, and the state feedback gain F. As long as the closed-loop system is internally stable and
matches the plant model well, steady-state regulation will take place if W and U are chosen to
satisfy Equations, as explained in next section of this work.
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6.2.3 Control Inputs
In general control inputs are defined in this work. This section provides additional details specific
for the micro coaxial helicopter.
The first control input is for the forward flight. As it’s described in this work, the rear servomo-
tor pushes the swash-plate upward or downward. The input to electrical servo motor will control
movement upward or downward. When the rear servo motor pushes the swash-plate upward, it will
provide input for the forward flight.
The second control input is for the thrust (altitude) control. It is accomplished by varying the
rotational speed of the both rotors simultaneously for the same value. The same input is applied to
both motors. The lower and upper rotors rotational speed change is identical. The micro coaxial
helicopter will climb when the rotors’ speed increase.
The third control input is for the rotation about to the x-axes. The control input for the forward
servo motor will control the movement of the swash-plate upward or downward. This will control
the tilts of the rotors and the angle of rotors left or right. When the upward position is achieved,
the micro helicopter will roll to the left.
The fourth control input is for the rotation about to the z-axes. The difference in rotational speed
between the lower and upper rotors will turn the helicopter to the right or left. This is accomplished
by varying the rotational speed of the lower rotor. The micro coaxial helicopter will turn to the left
when the lower rotor increases speed. When the lower rotor decreases rotational speed, the micro
coaxial helicopter will turn to the right.
6.2.4 Controller and Steady-State Regulation
The generalized structure of the controller is illustrated in Figure 5.2. The condition for the sta-
bilizing controller is that the A, B2 , C2 are stabilizable and detectable. For the stabilizable and
detectable system defined by A, B2 , C2, see Equations 5.1.1, 5.2.2, 5.2.1 and 5.2.4. According to
the regulator theory, as described in the literature [7], and [24], zero steady-state tracking error is
achievable by designing the controller parameters W and U to satisfy these equations. Note that
in our case output regulation gains U and W are calculated in Mathematica [29]. If the closed-loop
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system is internally stable, the steady-state regulation will take place.
Control output gain matrix has 4 inputs to track and 12 states in state vector.
C1u =

cm1 0 0 0 cm5 0 0 cm8 0 cm10 0 0
0 0 cz3 0 0 0 0 0 0 0 0 cz12
0 cl2 0 cl4 0 0 cl7 0 0 0 cl11 0
0 0 0 0 0 cn6 0 0 cn9 0 0 0
 (6.2.1)
where matrix elements ”cm”, ”cz”, ”cl” and ”cn” characterize state vector factors to track for each
input.
In addition to the tracking for the pitching moment in horizontal flight, we would like to adjust
other inputs for the rolling moment, the altitude and yawing moment.
To accomplish the tracking and adjustment, the regulated variable (z1(t) is defined as follows
z1(t) =

0.05x− 0.01θ
−1z
0.1y 0.2φ
0.1ψ
 (6.2.2)
As we discuss it earlier in this work, the input vector ”u” represents the changes in control inputs,
the controlled output vector ”z” and state vector ”x” are defined as shown in equations 3.3.7, 3.3.7,
5.2.6 and 5.2.1.
x =
[
x y z u v w φ θ ψ p q r
]T
(6.2.3)
u =
[
u1 u2 u3 u4
]
=
[
δm δz δl δn
]
(6.2.4)
z(t) =
 C1u
0
 x¯(t) +
 0
D12d
 u¯(t)
Where C1u is control output gain matrix.
As long as the closed-loop system is internally stable and matches the plant model well, steady-state
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regulation will take place if W and U are chosen to satisfy Equations as explained in this work.
The controlled output vector z(t) is described in this work. The first entry is a weighted position
for pitching angle theta and distance along x-axis, the second is tracking error along z-axes and
the thrust, the third is weighted position for rolling angle and distance along y-axis, and fourth is
weighted rotation about the z-axes. During vertical flight, the priority is tracking error for the thrust
or position along z-axis. The change of position along z-axis is accomplished by the second control
input and varying the rotational speed of both rotors simultaneously. The same input is applied
to both motors. The micro coaxial helicopter will climb when the rotors’ speed increases. When
the helicopter reaches its desired position, it will hover at its picked position. The micro coaxial
helicopter will maintains a constant position at a selected point, with the rotors providing lift equal
to the total weight of the helicopter. In the hovering case, the downward airflow adjusts the relative
wind and changes the angle of attack so less aerodynamic force is produced. This condition requires
increase of aerodynamic force to sustain a hover.
Also it is necessary introduce weighting for other entries as described in this work. The damping
and input control derivative values are determined experimentally. Tracking error weighting is 1
compared with 0.05 for position along x-axis, 0.01 for pitching angle (θ ), 0.1 for position along
y-axes, 0.2 for the rolling angle (φ) and 0.1 for the yawing angle (ψ).
We got matrices as follows:
C1u =

0.05 0 0 0 0 0 0 −0.01 0 0 0 0
0 0 −1 0 0 0 0 0 0 0 0 0
0 0.1 0 0 0 0 0.2 0 0 0 0 0
0 0 0 0 0 0 0 0 0.1 0 0 0
 (6.2.6)
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B2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 5 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0.0002 0
0.0002 0 0 0
0 0 0 0.3

(6.2.7)
D11u =

0.1 0 0 0
0 0.1 0 0
0 0 0.1 0
0 0 0 0.1
 (6.2.8)
D12d =

12500 0 0 0
0 10 0 0
0 0 10 0
0 0 0 10
 (6.2.9)
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The output regulation gains U and W compute was done in Mathematica [29] and matrices are as
follows:
W =

−2 0 8× 10−21 0.2
0 0 −1 8416
0 0.1 0 0
0 0 0 −0.116
0 0 −7× 10−18 −420.7
0 0 0 420.9
0 0 0 −4208.4
0 0 0 1.009
0 0 0 −1
0 0 −7× 10−21 −0.226
0 0 0 −420.8
0 0 7× 10−18 420.8

(6.2.10)
U =

0 0 9× 10−28 5× 10−8
0 0 −8× 10−23 3× 10−15
0 0 0 −1× 10−7
0 0 6× 10−31 3× 10−11
 (6.2.11)
6.2.5 State Feedback Gain F
The state feedback gain F is created on chosen weighting matrices that balance the cost of transient
performance and input power. For nonlinear systems, this gain may also control overall system sta-
bility. Design of the state feedback gain begins with the selection of the above-mentioned weighting
matrices. In the state feedback we assume that the whole state x can be measured and, as a result,
it is available for control. In this work we will implement full-state feedback gain F and omit the
estimator construction as shown in Figure 5.2. We will design state feedback using nominal values
of parameters and we will try to choose controlled output gains matrices. State feedback Gain F is
achieved from the solution of the algebraic Riccati equation. In order to design state feedback, we
need to define matrices Q and R. The state feedback is designed by using parameters and matrices
Q and R in such a way that the state response is stable. The Q and R matrix choice is an important
part of the state feedback gain design.
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The Gain F is computed as as shown in Equations 5.2.7, 5.2.8, 5.2.9, 5.2.10 and 5.2.11.
The micro helicopter has a fast time domain response due to its small size and it’s sensitive to small
changes of parameters and matrices.
The linear quadratic regulation method determines the solution of the state-feedback control gain
matrix F. The MATLAB function lqr allows you to choose two parameters, R and Q, which will
balance the relative importance of the control effort (u) and error (deviation from 0), respectively,
in the cost function that we are trying to optimize. The cost function corresponding to this R and
Q places equal importance on the control and the state variables which are outputs. Both matrices
Q and R are symmetric real, Q is assumed to be at least positive-semi-definite (Q = Q ≥ 0) and R
must be positive-definite (R = R > 0).
If we set Q relatively large compared to R, the optimization procedure will result in the design in
which x(t) is relatively ”small” compared to u(t).
If in contrast, Q is rather small, that will tend to make x(t) larger and u(t) smaller.
Increasing the magnitude of Q more would make the tracking error smaller, but would require greater
control u. More control effort generally corresponds to greater cost (more energy, larger components
and actuator, etc.).
Q =

0.0025 0 0 0 0 0 0 −0.0005 0 0 0 0
0 0.01 0 0 0 0 0.02 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0.02 0 0 0 0 0.04 0 0 0 0 0
−0.0005 0 0 0 0 0 0 0.0001 0 0 0 0
0 0 0 0 0 0 0 0 0.01 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

(6.2.12)
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R =

156250000 0 0 0
0 100 0 0
0 0 100 0
0 0 0 100
 (6.2.13)
The Gain F was computed and matrix is as follows:
F =

−1e− 10 −1e− 10 3e− 10 1e− 09 −1e− 9 6e− 12 1e− 09 1e− 10 −4e− 10 1e− 07 −1e− 08 1e− 11
−2e− 04 1e− 04 −0.099 −0.026 −0.023 −0.198 −0.0415 0.0128 0.006 −0.18 0.249 0.017
0.004 0.004 −0.01 −0.04 0.05 −7e− 06 −0.016 −0.005 0.011 −10.3 0.19 0.00073
0.002 −0.009 −0.0002 0.07 0.08 0.001 −0.09 0.04 −0.058 1.09 0.027 −0.67

(6.2.14)
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Chapter 7: Level Flight
7.1 Model Analysis
The micro helicopter is a highly maneuverable device. We will model the helicopter as a rigid
body moving in space. The standard rigid body dynamical equation will be used to model the
motion of the helicopter in its environment as it’s described in this work and in the literature
[1], [2] and [4]. For comprehensive analysis and controller design, it is convenient to work with a
closed-form mathematical model of a system. The helicopter is a nonlinear, unstable and highly
coupled system and it exhibits considerably different responses to inputs in every flight regime (such
as hover, cruise, turning flight etc.). It is common practice to linearize a complex system about
a nominal set point for the purpose of design and analysis. A sequence of linear models is used
to truly approximate the nonlinear system, which allows for linear system analysis and controller
design methods to be engaged. The model incorporates initial conditions of the inputs and initial
conditions of other states. They are presented through variable preferences at hover. The modeling
in state space approach was chosen due to the follow-on computational capabilities. The control
problem schematic representation in its simplest generalized form is shown in Figure 5.1. The G
generalized plant, is the system to be controlled by the controller, K. Together, G and K form the
closed-loop system.
The explanation provided in the chapter on vertical flight applies to the level flight, as well. The
problem is categorized by an objective for the plant to follow, reference command θr. This is done
by control input to the generalized plant, u(t), the exogenous input to the system w1, based on
the measured output of the plant, y(t), while simultaneously trying to minimize the influence of
disturbances on the plant, v(t). The effectiveness of K is evaluated by its ability to minimize the
norm of the controlled output vector, z(t). This vector is typically separated into two parts: the
output-tracking error, z1(t), and the control input constraints, z2(t).
For the work discussed within this dissertation, the controller, K, is designed to stabilize the closed-
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loop system, to fly the flying aircraft under some itemized condition(s), and to minimize the brief
and steady-state tracking errors subject to control input restrictions. The generalized plant G
can be described by the Equation 5.1.1. The linear state-space model was computed using the
MatLab/Simulink command linmod. The linmod command extracts continuous-time linear state-
space model around an operating point. The system A and B matrices are shown in this work
(reference the equations 6.1.2 and 6.1.3).
7.2 Controller Design
7.2.1 General
For the applications discussed in this work, a servomechanism design is engaged to develop a closed-
loop output-tracking regulator that uses input gain matrices together with an H2 feedback controller
to regulate the output of the aircraft parameters. The basic structure of the model can be defined in
the linear state space form. The initial effort is focused on identification of parameters of the linear
model in hover. Since the identified parameters will be valid only around the point of linearization,
different models must be identified for other types of flight.
Input preferences are implemented to account for the initial conditions of the inputs. The initial
conditions of other states are modeled through variable preferences.
This structure is derived for a linear system model. When systems act linearly and match the linear
model, about which such regulation gains are defined, zero steady-state tracking error is indeed
reachable using this control method.
The 6 (six) control inputs to plant or 6DOF Block (Matlab-Simulink Aerospace Block) are forces
and moments (X, Y, Z, L, M, N), shown in Equation 2.4.1. The micro coaxial helicopter forces and
moments with 4 control inputs are shown in Equation 3.4.
7.2.2 Controller
To achieve target tracking and subsystem alignment, an optimal controller is constructed based on
the H2 control theory and regulator theory described in this work and in the literature [8], [24],
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[25] and [26]. This thesis will consider the feedback control system described in literature for the
Tracking controller with full-state feedback. Consider the feedback control system shown in Figure
5.1 in which G(s) is the nominal plant and K(s) is the nominal controller that gives an optimal H2
closed-loop performance. The controlled output vector can be defined as shown in Equation 5.2.1.
The problem now is to find a controller K as illustrated in Figure 5.2.
7.2.3 Control Inputs
In general control inputs are defined in this work. This section provides additional details specific
for the micro coaxial helicopter.
The first control input is for the forward flight. As it’s described in this work, the rear servomo-
tor pushes the swash-plate upward or downward. The input to electrical servo motor will control
movement upward or downward. When the rear servo motor pushes the swash-plate upward, it will
provide input for the forward flight.
The second control input is for the thrust (altitude) control. It is accomplished by varying the
rotational speed of the both rotors simultaneously for the same value. The same input is applied to
both motors. The lower and upper rotors rotational speed change is identical. The micro coaxial
helicopter will climb when the rotors’ speed increase.
The third control input is for the rotation about to the x-axes. The control input for the forward
servo motor will control the movement of the swash-plate upward or downward. This will control
the tilts of the rotors and the angle of rotors left or right. When the upward position is achieved,
the micro helicopter will roll to the left.
The fourth control input is for the rotation about to the z-axes. The difference in rotational speed
between the lower and upper rotors will turn the helicopter to the right or left. This is accomplished
by varying the rotational speed of the lower rotor. The micro coaxial helicopter will turn to the left
when the lower rotor increases speed. When the lower rotor decreases rotational speed, the micro
coaxial helicopter will turn to the right.
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7.2.4 Controller and Steady-State Regulation
The generalized structure of the controller is illustrated in Figure 5.2. The condition for the sta-
bilizing controller is that the A, B2 , C2 are stabilizable and detectable. For the stabilizable and
detectable system defined by A, B2 , C2, see Equations 5.1.1, 5.2.2, 5.2.1 and 5.2.4. According to
the regulator theory, as described in the literature [7], and [24], zero steady-state tracking error is
achievable by designing the controller parameters W and U to satisfy these equations. Note that
in our case output regulation gains U and W are calculated in Mathematica [29]. If the closed-loop
system is internally stable, the steady-state regulation will take place.
Control output gain matrix has 4 inputs to track and 12 states in state vector.
In addition to the tracking for the pitching moment in horizontal flight, we would like to adjust
other inputs for the rolling moment, the altitude and yawing moment. To accomplish the tracking
and adjustment, the regulated variable (z1(t) is defined as follows
z1(t) =

−x− θ
0.1z
0.2y − 0.01φ
0.1ψ
 (7.2.1)
As we discuss it earlier in this work, the input vector ”u” represents the changes in control inputs,
the controlled output vector ”z” and state vector ”x” are defined as shown in equations 3.3.7, 3.3.7,
5.2.6 and 5.2.1.
x =
[
x y z u v w φ θ ψ p q r
]T
(7.2.2)
u =
[
u1 u2 u3 u4
]
=
[
δm δz δl δn
]
(7.2.3)
z(t) =
 C1u
0
 x¯(t) +
 0
D12d
 u¯(t)
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Where C1u is control output gain matrix.
As long as the closed-loop system is internally stable and matches the plant model well, steady state
regulation will take place if W and U are chosen to satisfy Equations explained in this work.
The controlled output vector z(t) is described in this work. The first entry is tracking error for
forward flight, the second is weighted position along z-axes, the third is weighted rotation about
x-axes and the fourth is weighted rotation about the z-axes.
During forward level flight, the priority is tracking error for the pitch angle theta and position along
x-axes. The change of position along x-axis and forward flight is accomplished by the first and
second control input.
The first control input for the rear servomotor will control movement of the swash-plate upward or
downward. When the rear servo motor push the swash-plate upward it will provide input for the
forward flight. The second control input is for the thrust (altitude) control. This control input will
change the rotational speed of the both rotors simultaneously. The same input is applied to both
electrical motors.
The control inputs will provide the pitch angle and thrust required for the forward level flight. Due to
restriction for indoor flight we have priority for tracking error for the pitch angle theta and position
along x-axes. The damping and input control derivative values are determined experimentally.
Tracking error weighting is 1 compared with 0.1 for thrust and position along z-axis, 0.01 for rolling
angle (φ ), 0.2 for position along y-axes and 0.1 for the yawing angle (ψ).
Matrices B2, D11 and D11 in the chapter on vertical flight applies to the level flight, as well. We
got matrix C1u as follows:
C1u =

−1 0 0 0 0 0 0 −1 0 0 0 0
0 0 0.1 0 0 0 0 0 0 0 0 0
0 0.2 0 0 0 0 0.01 0 0 0 0 0
0 0 0 0 0 0 0 0 0.1 0 0 0
 (7.2.5)
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The output regulation gains U and W compute was done in Mathematica [29] and matrices are as
follows:
W =

0.1 0 0 −1.009
0 0 −0.5 210.42
0 −1 0 0
−8× 10−19 0 0 −0.116
0 0 0 −420.731
−3× 10−15 0 0 420.94
0 0 −1× 10−15 −4208.4
−1× 10−17 0 0 1.009
3× 10−18 0 0 −1
3× 10−18 0 0 −0.226
7× 10−15 0 −1× 10−16 −420.84
−3× 10−15 0 0 420.83

(7.2.6)
U =

0 0 1× 10−26 5× 10−08
4× 10−20 0 0 1× 10−15
1× 10−24 0 0 −1× 10−07
−3× 10−28 0 0 3× 10−11
 (7.2.7)
7.2.5 State Feedback Gain F
The state feedback gain F is created on chosen weighting matrices that balance the cost of transient
performance and input power. For nonlinear systems, this gain may also control overall system sta-
bility. Design of the state feedback gain begins with the selection of the above-mentioned weighting
matrices. In the state feedback we assume that the whole state x can be measured and, as a result,
it is available for control. In this work we will implement full-state feedback gain F and omit the
estimator construction as shown in Figure 5.2. We will design state feedback using nominal values
of parameters and we will try to choose controlled output gains matrices. State feedback Gain F is
achieved from the solution of the algebraic Riccati equation. In order to design state feedback, we
need to define matrices Q and R. The state feedback is designed by using parameters and matrices
Q and R in such a way that the state response is stable. The Q and R matrix choice is an important
part of the state feedback gain design.
The Gain F is computed as as shown in Equations 5.2.7, 5.2.8, 5.2.9, 5.2.10 and 5.2.11. The micro
helicopter has a fast time domain response due to its small size and it’s sensitive to small changes
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of parameters and matrices. The linear quadratic regulation method determines the solution of
the state-feedback control gain matrix F. The MATLAB function lqr allows you to choose two
parameters, R and Q, which will balance the relative importance of the control effort (u) and error
(deviation from 0), respectively, in the cost function that we are trying to optimize. The cost func-
tion corresponding to this R and Q places equal importance on the control and the state variables
which are outputs. Both matrices Q and R are symmetric real, Q is assumed to be at least positive-
semi-definite (Q = Q ≥ 0) and R must be positive-definite (R = R > 0). If we set Q relatively
large compared to R, the optimization procedure will result in the design in which x(t) is relatively
”small” compared to u(t). If in contrast, Q is rather small, that will tend to make x(t) larger and
u(t) smaller. Increasing the magnitude of Q more would make the tracking error smaller, but would
require greater control u. More control effort generally corresponds to greater cost (more energy,
larger components and actuator, etc.). Matrix R in the chapter on vertical flight applies to the level
flight, as well. We got matrix Q as follows:
Q =

1 0 0 0 0 0 0 1 0 0 0 0
0 0.04 0 0 0 0 0.002 0 0 0 0 0
0 0 0.01 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0.002 0 0 0 0 0.0001 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0.01 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

(7.2.8)
The Gain F was computed and matrix is as follows:
F =

−1× 10−10 −6× 10−11 1× 10−10 −8× 10−11 −1× 10−9 −5× 10−13 7× 10−10 −2× 10−11 −1× 10−10 6× 10−8 −8× 10−9 2× 10−10
−0.017 −0.02 −0.002 −0.23 −0.7 −0.14 0.09 0.03 0.03 0.68 −0.02 0.32
0.004 0.004 −0.009 −0.04 0.05 2× 10−5 −0.01 −0.004 0.01 −10 0.1 −0.0005
0.09 −0.003 8× 10−5 0.75 0.8 0.02 −0.24 0.06 −0.14 −0.8 0.7 −1

(7.2.9)
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Chapter 8: Simulation
8.1 Vertical Flight Simulation
This chapter details the development of highly reliable six degree-of-freedom mathematical and
simulation models, and the design of a stability augmentation system for the micro helicopter. We
use the MatLab-Simulink 6DOF Aerospace Block set to implement Euler angle representation of
six-degrees-of-freedom equations of motion. The 6 (six) control inputs to plant or 6DOF Block
(Matlab-Simulink Aerospace Block) are forces and moments (X, Y, Z, L, M, N), shown in Equation
2.4.1. The micro coaxial helicopter forces and moments with 4 control inputs are shown in Equation
3.4. The 6DoF (Euler Angles) block considers the rotation of a body-fixed coordinate frame about
an Earth-fixed reference frame. The origin of the body-fixed coordinate frame is the center of
gravity of the body, and the body is assumed to be rigid, an assumption that eliminates the need
to consider the forces acting between individual elements of mass. The Earth-fixed reference frame
is considered inertial, an excellent approximation that allows the forces due to the Earth’s motion
relative to the ”fixed stars” to be neglected. The translational motion of the body-fixed coordinate
frame is given below, where the applied forces are in the body-fixed frame, and the mass of the body
is assumed constant. The relationship between the body-fixed angular velocity vector, and the rate
of change of the Euler angles, can be determined by resolving the Euler rates into the body-fixed
coordinate frame. The six degree-of-freedom nonlinear model provides the perfect frame-work to see
the coupling between the longitudinal and the lateral dynamics, to design and evaluate the various
recovery designs, and to carry out the bifurcation analysis. A linear controller is designed, using
Eigen structure assignment, following guidelines outlined in the literature. Though the observed
response appears to be nonlinear and complex, it is arguably possible that a single linear model
could capture these dynamics and repeat them in simulation.
The Matlab-Simulink 6 DoF Model is shown in Figure 8.1. To test this possibility, a single linearized
model was created about the nominal trim condition defined in Table 8.1.
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Table 8.1: Trim conditions for 6-DoF simulation
Trimmed States
velocity in body axis u = 0.1 ft/s v = 0.1 ft/s w = 0.1 ft/s
rotation rates p = 0.1 ft/s2 q = 0.1 ft/s2 r = 0.1 ft/s2
Euler orientation, radians roll = 0 pitch = 0.1 yaw = 0
INPUT
Dynamics 
Equations
6DoF
(Euler 
Angles) 
Aerospace 
Blockset
U
W F
G
+
+
+
-
Figure 8.1: 6 DOF Matlab - Simulink Model
A linear controller is designed, using Eigen structure assignment, following guidelines outlined in
the literature. Weighting matrices Q and R are used to define the cost function. The matrix Q is
state-weighting matrix (n x n) and the matrix R is input-weighting matrix (m x m). This section
will provide general guidelines on how to choose Q and R.
The design procedure for finding the feedback is:
- Select design parameter matrices Q and R.
- Solve the algebraic Riccati equation
- Find the state feedback gain F
Note that output regulation gains U and W are solved in Mathematica [29].
The Matlab routine that performs numerical procedure for solving the algebraic Riccati equation is
”lqr (A,B,Q,R)”. The most common choice of weighting matrices Q and R are diagonal matrices.
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In general one has to find a good ratio between the values of R and Q. For the micro coaxial
helicopter simulation, we found out by trial and error good values of R and Q. The general form
of the servomechanism-based output regulating tracking controller using H2 optimization is thus
well-defined. It is now suitable to begin exploring this control scheme. In the state feedback we
assume that the whole state x can be measured and as a result it is available for control. In this
work we will implement full-state feedback gain F and omit the estimator construction as shown in
Figure 5.2.
We will design state feedback using nominal values of parameters and we will try to choose controlled
output gains matrices. State feedback Gain F is achieved from the solution of the algebraic Riccati
equation. The Gain F is computed as shown in Equation 5.2.7. The matrices R and Q are computed
with the help of output gains D12d and C1u as as shown in Equations 5.2.10 and 5.2.11. We use
the MatLab-Simulink [28] 6DoF Aerospace Block set to implement Euler angle representation of
six-degrees-of-freedom equations of motion. The closed-loop system in Figure 5.2 was simulated to
test the controller’s performance. The input to the closed-loop system is the desired step input, and
the output is the actual helicopter movement. The tracking signal simulated was a step input to the
micro helicopter thrust, only. Other inputs to the pitch, roll and yaw were zero. This correspond
to the helicopter’s vertical flight. The change of position along the z-axis is accomplished by the
second control input and varying the rotational speed of both rotors simultaneously. The same input
is applied to both motors. The micro coaxial helicopter will climb when the rotors’ speed increases.
The helicopter will maintain a constant position at a selected point, with the rotors providing lift
equal to the total weight of the helicopter. The input is shown in Figure 8.2.
Realistically, most electromechanical structures can only be run within an obviously defined range.
With the theory that the actuator modeled here can only run between −12 V DC and +12 V DC,
the simulation can be arranged to saturate the control voltage within this range, e.g. −12 V DC ≤
u ≤ +12 V DC.
Simulation results are shown in this chapter for the system run with the step inputs such that would
achieve the chosen position and speed. The simulation was performed using the individual models.
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The results of the micro coaxial helicopter simulation of vertical and hover flight are shown in this
section.
Simulation of vertical flight was performed as follows.
The first tracking signal simulated was a step input to the micro helicopter thrust, only. Other
inputs to the pitch, roll and yaw were zero. These inputs correspond to the helicopter’s vertical
flight. The change of position along the z-axis is accomplished by the step control input and varying
the rotational speed of the both rotors simultaneously. The same input is applied to both electrical
motors. The micro coaxial helicopter will climb when the rotors’ speed increase. When the helicopter
reaches the required position, it will maintain a constant position at a selected point, with the rotors
providing lift equal to the total weight of the helicopter. The micro coaxial helicopter would reach
position in z-axes of 1.0 ft with w maximum speed along z-axis of 0.3 ft/s, as shown in Figure 8.6
and 8.5. The micro helicopter initially chatters with insignificant amplitude that could be ignored.
The system is quick to respond and errors are dispensed quickly. The required position of 1 ft was
achieved in 5 seconds with a small overshoot. The output signal exceeded the final steady-state value
(overshoot) for approx. 0.04 ft. The stability was achieved quickly in 5 seconds without hunting
(unwanted oscillation of signal). All other output signals are zero and could be ignored for this
simulation.
Results for the first simulation are shown in Figures 8.2 to 8.17.
The results of the micro coaxial helicopter simulation of vertical flight are as follows:
 
Figure 8.2: Inputs for first simulation of vertical flight
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Figure 8.3: Velocity during first simulation of vertical flight
 
Figure 8.4: Angular velocity ”r” during first simulation of vertical flight
 
Figure 8.5: Velocity ”w” during first simulation of vertical flight
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Figure 8.6: Position ”z” during first simulation of vertical flight
 
Figure 8.7: Position ”x” during first simulation of vertical flight
 
Figure 8.8: Position ”y” during first simulation of vertical flight
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Figure 8.9: Velocity ”u” during first simulation of vertical flight
 
Figure 8.10: Velocity ”v” during first simulation of vertical flight
 
Figure 8.11: Angular velocity ”p” during first simulation of vertical flight
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Figure 8.12: Angular velocity ”q” during first simulation of vertical flight
 
Figure 8.13: Position during first simulation of vertical flight
 
Figure 8.14: Euler angles during first simulation of vertical flight
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Figure 8.15: Euler angle θ during first simulation of vertical flight
 
Figure 8.16: Euler angle φ during first simulation of vertical flight
 
Figure 8.17: Euler angle ψ during first simulation of vertical flight
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The second vertical flight simulation was with the step input increase 2x (two times) compared
to the first simulation, to the micro helicopter thrust, only. Other inputs to the pitch, roll and yaw
were zero. This corresponds to the helicopter’s vertical flight.
The change of position along z-axis is accomplished by the step control input and varying the
rotational speed of the both rotors simultaneously. The same input is applied to both electrical
motors. The micro coaxial helicopter will climb when the rotors’ speed increase. When the helicopter
reaches the required position, it will maintain a constant position at a selected point, with the rotors
providing lift equal to the total weight of the helicopter. The input is shown in Figure 8.23.
This simulation results would reach position in z-axes of 2.0 ft with a maximum speed of 0.6 ft/s, as
shown in Figures 8.18 and 8.19. The micro helicopter initially chatters with insignificant amplitude
that could be ignored. The system is quick to respond and errors are dispensed quickly. The required
position of 2 ft was achieved in 5 seconds with a small overshoot. The output signal exceeded the
final steady-state value (overshoot) for approx. 0.09 ft. The stability was achieved quickly in 5
seconds without hunting (unwanted oscillation of signal). All other output signals are zero and
could be ignored for this simulation.
Results for the simulation are shown in Figures 8.18 to 8.23.
 
Figure 8.18: Position ”z” during second simulation of vertical flight
Chapter 8: Simulation 8.1 Vertical Flight Simulation
83
 
Figure 8.19: Velocity ”w” during second simulation of vertical flight
 
Figure 8.20: Euler angles during second simulation of vertical flight
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Figure 8.21: Velocity during second simulation of vertical flight
 
Figure 8.22: Position during second simulation of vertical flight
 
Figure 8.23: Inputs for second simulation of vertical flight
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The third vertical flight simulation was with the step input increase 3x (three times) compared
to the first simulation, to the micro helicopter thrust, only. Other inputs to the pitch, roll and yaw
were zero. This corresponds to the helicopter’s vertical flight.
The change of position along z-axis is accomplished by the step control input and varying the
rotational speed of the both rotors simultaneously. The same input is applied to both electrical
motors. The micro coaxial helicopter will climb when the rotors’ speed increase. When the helicopter
reach the required position it will maintains a constant position at a selected point, with the rotors
providing lift equal to the total weight of the helicopter. The input is shown in Figure 8.29.
This simulation results would reach position in z-axes of 3.0 ft with a maximum speed of 0.9 ft/s, as
shown in Figure 8.24 and 8.25. The micro helicopter initially chatters with insignificant amplitude
that could be ignored. The system is quick to respond and errors are dispensed quickly. The required
position of 3 ft was achieved in 5 seconds with a small overshoot. The output signal exceeded the
final steady-state value (overshoot) for approx. 0.14 ft. The stability was achieved quickly in 5
seconds without hunting (unwanted oscillation of signal). All other output signals are zero and
could be ignored for this simulation.
Results for the simulation are shown in Figures 8.24 to 8.29.
 
Figure 8.24: Position ”z” during third simulation of vertical flight
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Figure 8.25: Velocity ”w” during third simulation of vertical flight
 
Figure 8.26: Euler angles during third simulation of vertical flight
 
Figure 8.27: Velocity during third simulation of vertical flight
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Figure 8.28: Position during third simulation of vertical flight
 
Figure 8.29: Inputs for third simulation of vertical flight
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The fourth vertical flight simulation was with the step input increase 10x (ten times) compared
to the first simulation, to the micro helicopter thrust, only. Other inputs to the pitch, roll and yaw
were zero. This corresponds to the helicopter’s vertical flight. The change of position along the
z-axis is accomplished by the step control input and varying the rotational speed of the both rotors
simultaneously. The same input is applied to both electrical motors. The micro coaxial helicopter
will climb when the rotors’ speed increase. When the helicopter reaches the required position, it will
maintains a constant position at a selected point, with the rotors providing lift equal to the total
weight of the helicopter. The input is shown in Figure 8.35.
This simulation results would reach position in z-axes of 10.0 ft with a maximum speed of 3.0
ft/s, as shown in Figures 8.30 and 8.31. The micro helicopter initially chatters with insignificant
amplitude that could be ignored. The system is quick to respond and errors are dispensed quickly.
The required position of 10 ft was achieved in 5 seconds with a small overshoot. The output signal
exceeded the final steady-state value (overshoot) for approx. 0.4 ft. The stability was achieved
quickly in 5 seconds without hunting (unwanted oscillation of signal). All other output signals are
zero and could be ignored for this simulation.
Results for the simulation are shown in Figures 8.30 to 8.35.
 
Figure 8.30: Position ”z” during fourth simulation of vertical flight
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Figure 8.31: Velocity ”w” during fourth simulation of vertical flight
 
Figure 8.32: Euler angles during fourth simulation of vertical flight
 
Figure 8.33: Velocity during fourth simulation of vertical flight
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Figure 8.34: Position during fourth simulation of vertical flight
 
Figure 8.35: Inputs for fourth simulation of vertical flight
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8.2 Level Flight Simulation
This chapter details the development of high reliability six degree-of-freedom mathematical and
simulation models, and the design of a stability augmentation system for the micro helicopter. Ex-
planations in this work provided as part of the chapter for the level flight apply to the vertical flight
too.
We use the MatLab-Simulink 6DoF Aerospace Block set to implement Euler angle representation
of six-degrees-of-freedom equations of motion. The 6 (six) control inputs to plant or 6DoF Block
(Matlab-Simulink Aerospace Block) are forces and moments (X, Y, Z, L, M, N), shown in Equation
2.4.1. The micro coaxial helicopter forces and moments with 4 control inputs are shown in Equation
3.4. The 6DoF (Euler Angles) block considers the rotation of a body-fixed coordinate frame about
an Earth-fixed reference frame. Though the observed response appears to be nonlinear and complex,
it is possible that a single linear model could capture these dynamics and repeat them in simulation.
The Matlab-Simulink 6 DoF Model is shown in Figure 8.1. To test this possibility, a single linearized
model was created about the nominal trim condition defined in Table 8.1. A linear controller is de-
signed, using Eigen structure assignment, following guidelines outlined in the literature. Weighting
matrices Q and R are used to define the cost function. The matrix Q is state-weighting matrix
and the matrix R is input-weighting matrix. This section will provide general guidelines on how
to choose Q and R. Note that output regulation gains U and W are solved in Mathematica. The
Matlab routine that performs numerical procedure for solving the algebraic Riccati equation is ”lqr
(A,B,Q,R)”. For the micro coaxial helicopter simulation we found by trial and error a good values
of R and Q.
The general form of the servomechanism-based output regulating tracking controller using H2 op-
timization is thus well-defined. In the state feedback, we assume that the whole state x can be
measured and, as a result, it is available for control. In this work we will implement full-state
feedback gain F and omit the estimator construction as shown in Figure 5.2. We will design state
feedback using nominal values of parameters and we will try to choose controlled output gains ma-
trices. State feedback Gain F is achieved from the solution of the algebraic Riccati equation. The
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Gain F is computed as shown in Equation 5.2.7. The matrices R and Q are computed with help of
output gains D12d and C1u as as shown in Equations 5.2.10 and 5.2.11. The linear quadratic regula-
tion method for determining our state-feedback control gain matrix F. The MATLAB function lqr
allows you to choose two parameters, R and Q, which will balance the relative importance of the
control effort (u) and error (deviation from 0), respectively, in the cost function that we are trying to
optimize. The cost function corresponding to this R and Q places equal importance on the control
and the state variables which are outputs. Both matrices Q and R are symmetric real, Q is assumed
to be at least positive-semi-definite (Q = Q ≥ 0), R must be positive-definite (R = R > 0). If, we
set Q relatively large compared to R, the optimization procedure will result in a design in which
x(t) is relatively ”small” compared to u(t). If in contrast, Q is rather small, that will tend to make
x(t) larger and u(t) smaller. Increasing the magnitude of Q more would make the tracking error
smaller, but would require greater control u. More control effort generally corresponds to greater
cost (more energy, larger components and actuator, etc.). The closed-loop system in Figure 5.2 was
simulated to test the controller’s performance. The input to the closed-loop system is the desired
step input, and the output is the actual helicopter movement. The tracking signal simulated was
a step input to the micro helicopter pitch and thrust. Other inputs to the roll and yaw were zero.
This correspond to the helicopter level flight. The change of position along the x-axis and forward
flight is accomplished by the first and second control input. The control inputs will provide the pitch
angle and thrust required for the forward level flight. The first control input for the rear servomotor
will control movement of the swash-plate upward or downward. When the rear servo motor pushes
the swash-plate upward it will provide input for the forward flight. The second control input is for
the thrust (altitude) control. This control input will change the rotational speed of the both rotors
simultaneously. The same input is applied to both electrical motors. The change of position along
the x-axis is accomplished by the step control input to the rear servo motor to push the swash-plate
upward and input to electrical motors for both rotors. It will provide inputs for the forward flight
by change of pitch angle and varying the rotational speed of the both rotors simultaneously. The
rotors speed shall provide a total force such to have a lift equal to the total weight of the helicopter
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and forward flight thrust.
In case of the micro coaxial helicopter indoor flight, the assumption is that drag coefficient is so
small that it could be ignored in this work and simulation. Due to flight restriction for indoor flight
we have priority for tracking error for the pitch angle theta, thrust and position along x-axes.
In this work, it’s shown that we accomplished the stable change of pitch angle. The steady pitch an-
gle is a fundamental requirement for forward flight, together with both rotors’ speed. Forward flight
is along the x-axis, so we introduced the tracking for x-axis position. This method provides change
from forward flight to stop, with change of one of inputs required for flight. It was accomplished by
controlling the rotors’ speed, while a pitch angle would stay at the same, stable position. With this
approach, the micro coaxial helicopter is able fly in a forward direction, stop and immediately switch
to forward flight or to vertical flight or hover. When the helicopter reaches the required speed and
position it maintains a constant pitch angle, with the rotors’ speed change such that the helicopter
will stop. It will require more control effort to minimize the transient error if the initial values are
reasonably very high for the micro coaxial helicopter.
Realistically, most electromechanical structures can only be run within an obviously defined range.
With the theory that the actuator modeled here can only run between −12 V DC and +12 V DC,
the simulation can be arranged to saturate the control voltage within this range, e.g. −12 V DC ≤
u ≤ +12 V DC.
Simulation results are shown in this chapter for the system run with the step inputs such that would
achieve the chosen position and speed.
First simulation of level flight was performed as described below.
The micro coaxial helicopter would reach a u speed of maximum 0.05 ft/s, pitch angle θ = 0.4 deg,
with position in x-axis of 0.9 ft, as shown in Figures 8.38, 8.37 and 8.42. Results for the simulation
are shown in Figures 8.36 to 8.48. The micro helicopter initially changed speed within an insignifi-
cant time period that could be ignored. After initially approx. 1.5 seconds, the speed along x-axis
was slowly changing without hunting or any unwanted oscillation. The system is quick to respond.
The required pitch angle of 0.4 deg. was achieved in 20 seconds without an overshoot or oscillation.
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The stop was accomplished after 50 seconds. The speed was decreasing slowly between 20 and 50
seconds, until the helicopter completely stopped. Also, it was noticed that the micro helicopter
initially had an insignificant change of angular velocity ”r” around z-axis, with a maximum value
of 0.04 degrees/s. It is without an impact to flight and it’s ignored in this work. All other output
signals are zero and could be ignored for this simulation.
The results of the micro coaxial helicopter simulation of level flight are as follows:
 
Control Input  
Control input  
Figure 8.36: Inputs for first simulation of level flight
 
Figure 8.37: Euler angle θ during first simulation of level flight
 
Figure 8.38: Position ”x” during first simulation of level flight
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Figure 8.39: Position ”y” during first simulation of level flight
 
Figure 8.40: Position ”z” during first simulation of level flight
 
Figure 8.41: Velocity ”v” during first simulation of level flight
 
Figure 8.42: Velocity ”u” during first simulation of level flight
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Figure 8.43: Velocity ”w” during first simulation of level flight
 
Figure 8.44: Angular velocity ”p” during first simulation of level flight
 
Figure 8.45: Angular velocity ”r” during first simulation of level flight
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Figure 8.46: Velocity during first simulation of level flight
 
Position in x-axis Positions in 
 y and z axis  
Figure 8.47: Position during first simulation of level flight
 
Figure 8.48: Euler angles during first simulation of level flight
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The second simulation of level flight was with the step input increase of 2x (two times) compared
to the first simulation. The tracking signal simulated was a step input to the micro helicopter pitch
and thrust. Other inputs to the roll and yaw were zero. This corresponds to the helicopter’s level
flight. The change of position along the x-axis is accomplished by the step control input to the rear
servo motor to push the swash-plate upward and input to electrical motors for both rotors. It will
provide inputs for the forward flight by change of pitch angle and varying the rotational speed of
the both rotors simultaneously. The rotors’ speed shall provide a total force such to have a lift equal
to the total weight of the helicopter and forward flight thrust.
In case of the micro coaxial helicopter indoor flight, the assumption is that drag coefficient is so
small that this coefficient could be ignored in this work and simulation. Due to flight restrictions
for indoor flight, we have priority for tracking error for the pitch angle theta, thrust and position
along x-axes. It is important to have the ability to have a stable flight and stop. In this work,
it’s shown that we accomplished the stable change of pitch angle. Its fundamental requirement for
forward flight, together with both rotors’ speed. Forward flight is along the x-axis, so we introduced
the tracking for the x-axis position. This method provides a change from forward flight to stop,
with change of one of the inputs required for flight. It was accomplished by controlling the rotors’
speed, while a pitch angle would stay at the same, stable position. With this approach, the micro
coaxial helicopter is able fly in a forward direction, stop and immediately switch to forward flight
or to vertical flight or hover. When the helicopter reaches the required speed and position, it will
maintain a constant pitch angle, with the rotors’ speed change such that the helicopter will stop.
The micro helicopter initially changed speed within an insignificant time period that could be ig-
nored. After initially approx. 1.5 seconds, the speed along the x-axis was slowly changing without
hunting or any unwanted oscillation. The system is quick to respond. The required pitch angle of
0.8 deg. was achieved in 20 seconds without an overshoot or oscillation. The stop was accomplished
after 80 seconds. The speed was decreasing slowly between 20 and 80 seconds, until the helicopter
completely stopped. It was noticed that, with increase of the forward speed, there is an overshoot
and sluggish response for position along the x-axis, but without any unwanted oscillation. It is
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without an impact to flight simulation and its ignored in this work. All other output signals are
zero and could be ignored for this simulation. The micro coaxial helicopter would reach a u speed
of maximum 0.08 ft/s, pitch angle θ = 0.8 deg, with position on the x-axis of 1.5 ft, as shown in
Figures 8.52, 8.50 and 8.54. Results for the simulation are shown in Figures 8.49 to 8.54.
The simulation was performed using the individual models. The results of the micro coaxial heli-
copter simulation of level flight are as follows:
 
Figure 8.49: Inputs for second simulation of level flight
 
Figure 8.50: Euler angle θ during second simulation of level flight
 
Figure 8.51: Euler angles during second simulation of level flight
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Figure 8.52: Velocity ”u” during second simulation of level flight
 
Figure 8.53: Velocity during second simulation of level flight
 
Figure 8.54: Position ”x” during second simulation of level flight
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The third simulation of level flight was with the step input increase of 5x (five times) compared
to the first simulation. The tracking signal simulated was a step input to the micro helicopter pitch
and thrust. Other inputs to the roll and yaw were zero. This corresponds to the helicopter’s level
flight. The change of position along the x-axis is accomplished by the step control input to the rear
servo motor to push the swash-plate upward and input to electrical motors for both rotors. It will
provide inputs for the forward flight by change of pitch angle and varying the rotational speed of
both rotors simultaneously. The rotors’ speed shall provide a total force such to have a lift equal to
the total weight of the helicopter and forward flight thrust.
In case of the micro coaxial helicopter indoor flight, the assumption is that drag coefficient is so
small that it could be ignored in this work and simulation. Due to flight restrictions for indoor flight
we have priority for tracking error for the pitch angle theta, thrust and position along the x-axes.
In this work it’s shown that we accomplished the stable change of pitch angle. It’s a fundamental
requirements for forward flight, together with both rotors’ speed. Forward flight is along the x-axis,
so we introduced the tracking for the x-axis position. This method provide change from forward
flight to stop, with change of one of inputs required for flight. It was accomplished by controlling the
rotors’ speed, while a pitch angle would stay at the same, stable position. With this approach the
micro coaxial helicopter is able fly in a forward direction, stop and immediately switch to forward
flight or to vertical flight or hover. When the helicopter reaches the required speed and position, it
will maintain a constant pitch angle, with the rotors speed changing such that the helicopter will
stop. The micro helicopter initially changed speed within an insignificant time period that could be
ignored. After initially approx. 1.5 seconds, the speed along the x-axis was slowly changing without
hunting or any unwanted oscillation. The system is quick to respond. The required pitch angle of
2.0 deg. was achieved in 20 seconds without an overshoot or oscillation. The stop was accomplished
after 80 seconds. The speed was decreasing slowly between 20 and 80 seconds, until the helicopter
completely stopped. It was noticed that, with increase of the forward speed, there is an overshoot
and sluggish response for position along the x-axis, but without any unwanted oscillation. It is
without an impact to flight simulation and it’s ignored in this work. All other output signals are
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zero and could be ignored for this simulation. The micro coaxial helicopter would reach a u speed of
maximum 0.2 ft/s, pitch angle θ = 2.0 deg, with position in ”x” axis of 3.5 ft, as shown in Figures
8.56, 8.58 and 8.60. Results for the simulation are shown in Figures 8.55 to 8.60.
The simulation was performed using the individual models. The results of the micro coaxial heli-
copter simulation of level flight are as follows:
 
Figure 8.55: Inputs for third simulation of level flight
 
Figure 8.56: Euler angle θ during third simulation of level flight
 
Figure 8.57: Euler angles during third simulation of level flight
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Figure 8.58: Velocity ”u” during third simulation of level flight
 
Figure 8.59: Velocity during third simulation of level flight
 
Figure 8.60: Position ”x” during third simulation of level flight
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The fourth simulation of level flight was with the step input increase of 8x (eight times) compared
to the first simulation. The tracking signal simulated was a step input to the micro helicopter pitch
and thrust. Other inputs to the roll and yaw were zero. This corresponds to the helicopter’s level
flight. The change of position along the x-axis is accomplished by the step control input to the rear
servo motor to push the swash-plate upward and input to electrical motors for both rotors. It will
provide inputs for the forward flight by change of pitch angle and varying the rotational speed of
both rotors simultaneously. The rotors’ speed shall provide a total force such to have a lift equal to
the total weight of the helicopter and forward flight thrust.
In case of the micro coaxial helicopter indoor flight, the assumption is that drag coefficient is so
small that it could be ignored in this work and simulation. Due to flight restrictions for indoor flight
we have priority for tracking error for the pitch angle theta, thrust and position along the x-axes.
In this work it’s shown that we accomplished the stable change of pitch angle. It’s a fundamental
requirements for forward flight, together with both rotors’ speed. Forward flight is along the x-axis,
so we introduced the tracking for the x-axis position. This method provide change from forward
flight to stop, with change of one of inputs required for flight. It was accomplished by controlling the
rotors’ speed, while a pitch angle would stay at the same, stable position. With this approach the
micro coaxial helicopter is able fly in a forward direction, stop and immediately switch to forward
flight or to vertical flight or hover. When the helicopter reaches the required speed and position, it
will maintain a constant pitch angle, with the rotors speed changing such that the helicopter will
stop. The micro helicopter initially changed speed within an insignificant time period that could be
ignored. After initially approx. 1.5 seconds, the speed along the x-axis was slowly changing without
hunting or any unwanted oscillation. The system is quick to respond. The required pitch angle of
2.9 deg. was achieved in 20 seconds without an overshoot or oscillation. The stop was accomplished
after 90 seconds. The speed was decreasing slowly in period between 20 and 90 seconds, until the
helicopter completely stopped. It was noticed, that with increase of the forward speed, there is an
overshoot and sluggish response for position along x-axis, but without any unwanted oscillation. It
is without an impact to flight simulation and it’s ignored in this work. All other output signals are
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zero and could be ignored for this simulation. The micro coaxial helicopter would reach a u speed
of maximum 0.28 ft/s, pitch angle θ = 2.9 deg, with position in the x-axis of 4.5 ft, as shown in
Figures 8.62, 8.64 and 8.66. Results for the simulation are shown in Figures 8.61 to 8.66.
The simulation was performed using the individual models. The results of the micro coaxial heli-
copter simulation of level flight are as follows:
 
Figure 8.61: Inputs for fourth simulation of level flight
 
Figure 8.62: Euler angle θ during fourth simulation of level flight
 
Figure 8.63: Euler angles during fourth simulation of level flight
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Figure 8.64: Velocity ”u” during fourth simulation of level flight
 
Figure 8.65: Velocity during fourth simulation of level flight
 
Figure 8.66: Position ”x” during fourth simulation of level flight
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8.3 Simulation Results
We use the MatLab-Simulink 6DoF Aerospace Blockset to implement Euler angle representation of
six-degrees-of-freedom equations of motion. Though the controllers appear to work perfectly for the
linearized dynamics models, this performance is not matched with the highly nonlinear system. In
an effort to better understand the micro coaxial helicopter we, used the MATLAB and Simulink
for advanced simulation and analysis of the helicopter flight dynamics. Via these tools, a nominal
condition can be found for the safe flight envelope, and simulations can be run where the helicopter
is disturbed from this condition by from external forces or control command inputs.
External forces and moments are neglected in our simulation of the indoor flight of the micro coaxial
helicopter. In future work, they could be added to the system to simulate wind and other distur-
bances. Even with the ability to record simulation parameters and states, the complex behavior
of an helicopter is difficult to completely understand solely by reviewing simulation data. For this
cause, we have attached the Matlab/Simulink model with the open-source FlightGear flight simula-
tor software [27].
Combining these tools allows the examiner to observe animations of aircraft flight simulations in
real-time. Observing the trajectories of the helicopter flight has proven to be very useful for inter-
preting recorded simulation data and for more realistic sense of the micro coaxial helicopter behavior.
Applying the FlightGear, MatLab [28], and Simulink [28] allows us to better discover flight, as will
be shown in the chapters of this work. The flight path was recorded and observed through Flight-
Gear animations, and the recorded state data were used to create a multi-linear model as discussed.
The trim condition is provided in Table 8.1. The helicopter maintains the specified level of flight
using these trim and predisposition parameters.
The simulation was performed using the individual models. Results with the Flight Gear animation
screen snapshots for the 6 DoF simulation of level flight are shown in Figure 8.67, illustrating the
behavior of the micro coaxial helicopter during the level flight.
The system performed simulation of the level flight as follows:
The simulation of level flight was with the step inputs to the micro helicopter pitch and thrust. This
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(a) Snapshot at beginning of level flight
 
(b) Snapshot after a few seconds of level flight
 
(c) Snapshot during level flight
 
(d) Snapshot at end of level flight
Figure 8.67: FlightGear animation screen snapshots for the 6 DoF simulation of level flight
corresponds to the helicopter’s level flight. The change of position along the x-axis is accomplished
by the step control input to the rear servo motor to push the swash-plate upward and an input to
electrical motors for both rotors. It will provide inputs for the forward flight by change of pitch angle
and varying the rotational speed of both rotors simultaneously. The rotors’ speed shall provide a
total force such to have a lift equal to the total weight of the helicopter and forward flight thrust.
In case of the micro coaxial helicopter indoor flight, assumption is that drag coefficient is so small
that it could be ignored in this work and simulation. Due to flight restrictions for indoor flight, we
have priority for tracking error for the pitch angle theta, thrust and position along the x-axes. It is
important to have the ability to have a stable flight and stop.
In this work, it’s shown that we accomplished the stable change of pitch angle. It is a fundamental
requirement for forward flight, together with both rotors’ speed. Forward flight is along the x-axis,
so we introduced the tracking for x-axis position. This method provides change from forward flight
to stop, with change of one of inputs required for flight. It was accomplished by controlling the
rotors’ speed, while a pitch angle would stay at the same, stable position. With this approach the
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micro coaxial helicopter is able fly in a forward direction, stop and immediately switch to forward
flight or to vertical flight or hover. When the helicopter reaches the required speed and position it
will maintain a constant pitch angle, with the rotors’ speed changing such that the helicopter will
stop. The micro helicopter initially changed speed within an insignificant time period that could be
ignored. After initially approx. 1.5 seconds the speed along the x-axis was slowly changing without
hunting or any unwanted oscillation. The system is quick to respond. The required pitch angle of
2.0 deg. was achieved in 20 seconds without an overshoot or oscillation. The stop was accomplished
after 80 seconds. The speed was decreasing slowly between 20 and 80 seconds, until the helicopter
completely stopped. It was noticed, that with increase of the forward speed, there is an overshoot
and sluggish response for position along the x-axis, but without any unwanted oscillation. It is
without an impact to flight simulation and it’s ignored in this work. All other output signals are
zero and could be ignored for this simulation.
The system performed simulation of the vertical flight as follows.
The vertical flight simulation was with the step input to the micro helicopter thrust, only. Other
inputs to the pitch, roll and yaw were zero. This corresponds to the helicopter’s vertical flight.
The change of position along the z-axis is accomplished by the step control input and varying the
rotational speed of the both rotors simultaneously. The same input is applied to both electrical mo-
tors. The micro coaxial helicopter will climb when the rotors’ speed increases. When the helicopter
reaches the required position, it will maintain a constant position at a selected point, with the rotors
providing lift equal to the total weight of the helicopter.
The simulation was performed using the individual models. Results with the Flight Gear animation
screen snapshots for the 6 DoF simulation of vertical flight are shown in Figure 8.68, illustrating the
behavior of the micro coaxial helicopter during the vertical flight.
This simulation results would reach position in the z-axes of 10.0 ft with maximum speed of 3.0
ft/s. The micro helicopter initially chatters with insignificant amplitude that could be ignored. The
system is quick to respond and errors are dispensed quickly. The required position of 10 ft was
achieved in 5 seconds with a small overshoot. The output signal exceeded the final steady-state
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(a) Snapshot at beginning of vertical flight
 
(b) Snapshot after a few seconds of vertical flight
 
(c) Snapshot during vertical flight
 
(d) Snapshot at end of vertical flight
Figure 8.68: FlightGear animation screen snapshots for the 6 DoF simulation of vertical flight
value (overshoot) for approx. 0.4 ft. The stability was achieved quickly in 5 seconds without hunt-
ing (unwanted oscillation of signal). All other output signals are zero and could be ignored for this
simulation.
It will require more control effort to minimize the transient error if the initial values are reasonably
very high for the micro coaxial helicopter.
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8.4 Discussion
It was shown in this chapter that the controller for the micro coaxial helicopter can be formulated
as an step tracking control problem. The reference input can be modeled as the sum of step signals.
The magnitude of the step may be subjectively chosen. Optimal H2 regulator control theory was
engaged to design an output-tracking regulating controller that achieves stability, tracking, minimal
transient error, and robustness. Results offered in this work are exciting.
The controller was able to track signals of numerous sizes. Velocity up to 10 fts and position in axes
up to 100 ft where tracked accurately with the same controller. In addition to the condition when
the system may be safe and stable, there are practical limits to the range of the deployed variable.
The micro coaxial helicopter reasonable speed range is up to 0.3 fts characterizing the indoor flight
desired speed. The indoor desired speed is achieved with the ability to control the helicopter flight
and position along the body axis.
To implement the proposed control system on the micro coaxial helicopter, several practical issues
still need to be considered. The micro coaxial helicopter performance regarding payload and effi-
ciency needs to be improved. Aerodynamic loads also need to be reflected in the design and analysis
of the system to evaluate its real-world possibility. Additional work is required on developing a new
micro-coaxial helicopter configuration including possibility to use a new rotor blades.
There are four inputs available for the model helicopter, each with two degrees of freedom. The
control inputs for the micro coaxial helicopter are applied in a particular way, not appropriate for
bigger helicopters. The rotational velocity of the rotors is controlled by two different electro motors.
Pitch (longitudinal pitch) is controlled by the rear electro servomotor. Roll is controlled by the
forward electro servomotor. Yaw control can be performed by varying the difference in rotational
speed between the two rotors. For instance, the helicopter will turn to the left with an increase in
the speed of the lower rotor.
The micro coaxial helicopter configuration should introduce improvement for the rotor blade, electric
motor and an electric battery (motor supply). The helicopter is driven by two DC motors and two
servomotors. Further research will hopefully consider electrical motors with higher rotational speed
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and minimum increase of weight. The improved helicopter design would enable flight tests with all
sensors and test equipment, and achieve all required tasks.
This work is significant because it allows the micro coaxial helicopter to be controlled more smoothly
than existing approaches. It is original because it develops a simple reference model for tracking, and
it is significant for determining the range and steady maneuverability of the micro coaxial helicopters
for indoor flight.
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Chapter 9: Conclusions and Future Work
9.1 Conclusions
System identification techniques for full-scale helicopters have been successfully applied to model-
scale micro coaxial unmanned helicopters. The identified model is employed for the flight control
design, handling quality evaluation, and simulation applications. The flight dynamics of the he-
licopter is quite different from the conventional helicopter due to its small size and coaxial rotor
configuration. It has better maneuverability and can fly in a narrow space with obstacles. The
multi-variable tracking and H2 control theory were employed to design a flight control system that
provided the desired stability and performance.
A six degree-of-freedom (6DoF) flight dynamics model are employed for control system design, anal-
ysis, and simulations. These analysis and simulation results show that the closed-loop system is
stable at the described condition. These results validates that the nominal controller has been suc-
cessfully designed and implemented.
This work is noteworthy because it enables a micro helicopter to successfully track multiple desired
maneuvers, and it is significant because this system can be used to autonomously fly the micro
coaxial helicopter. Using the work developed and contributed in this dissertation, we can now fly a
micro coaxial helicopter in a way that has never been done before.
This work is significant because it allows the micro coaxial helicopter to be controlled more smoothly
than allowed by existing approaches. Another important achievement is the development of an un-
manned helicopter model that includes specific of the micro coaxial helicopter design. This work
validates the presented scenarios for the micro coaxial helicopter indoor flight and provides a ground-
work for control systems designed to address this type of helicopter and indoor operating conditions.
Overall, this body of work presents a brief methodology for designing, analyzing, and implement-
ing new multi-variable output-tracking regulators with high levels of robustness and functionality
implemented for micro coaxial helicopters.
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9.2 Future Work
Many aspects of this thesis call for additional research. The results obtained from the 6DoF dynamic
model are encouraging. The development of the dynamic model is being done on a step-by-step ba-
sis, and a model good enough to be used for control system design is achieved.
The performance of the controller with a nonlinear regulator gain remains to be investigated. The
regulator design approach adopted in this work is based on the estimates of the disturbance states.
Good results of system identification with a high quality instrumentation and an optimal integration
of the sensor information would further improve the results.
It is anticipated that there will continue to be rapid progress in the data acquisition and parameter
identification processes, as well as in the 6DoF dynamic modeling effort. The reconfigured con-
trollers for flight conditions such as descent, climb, yaw, roll and other special maneuvers must be
investigated. The final configuration should be able to take account of as many scenarios as possible.
It will be necessary to improve the test rig and test instrumentation for testing in hover, vertical
(altitude) flight, yaw movement, roll movement and pitch movement.
Chapter 9: Conclusions and Future Work 9.2 Future Work
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Appendix A: Nomenclature, Acronyms, and Symbols
u = component along the longitudinal axis or linear velocity in x-axis
v = component along the lateral axis or linear velocity in y-axis
w = component along the vertical axis or linear velocity in z-axis
p = helicopter body rotational rates, angular velocity along x-axis (rate of roll)
q = helicopter body rotational rates, angular velocity along y-axis (rate of pitch)
r = helicopter body rotational rates, angular velocity along z-axis (rate of yaw)
φ = Roll Angle (Euler angle for roll (x-axis))
θ = Pitch Angle (Euler angle for pitch (y-axis))
ψ= Yaw Angle (Euler angle for yaw (z-axis))
x = linear position of the helicopter in body coordinates in x body axis
y = linear position of the helicopter in body coordinates in y body axis
z = linear position of the helicopter in body coordinates in z body axis
x = the state vector
y = the measured output vector
u = the input vector,
X,Y,Z = external forces acting at the helicopter center of gravity
Xu = force along the x - axis acting at upper rotor
Xl = force along the x - axis acting at lower rotor
Xpl = force along the x - axis acting at fuselage
Yu = force along the y - axis acting at upper rotor
Yl = force along the y - axis acting at lower rotor
Ypl = force along the y - axis acting at fuselage
Zu = force along the z - axis acting at upper rotor
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Zl = force along the z - axis acting at lower rotor
Zpl = force along the z - axis acting at fuselage
L = Aerodynamics and inertial moment along the x - axis,
M = Aerodynamics and inertial along the y - axis
N = Aerodynamics and inertial along the z - axis
Lu = Aerodynamics moment along the x - axis acting at upper rotor
Ll = Aerodynamics moment along the x - axis acting at lower rotor
Lpl = Aerodynamics moment along the x - axis acting at fuselage
Mu = Aerodynamics moment along the y - axis acting at upper rotor
Ml = Aerodynamics moment along the y - axis acting at lower rotor
Mpl = Aerodynamics moment along the y - axis acting at fuselage
Nu = Aerodynamics moment along the z - axis acting at upper rotor
Nl = Aerodynamics moment along the z - axis acting at lower rotor
Npl = Aerodynamics moment along the z - axis acting at fuselage
Nup = Rotational moment along the z - axis acting at upper rotor
Nlr = Rotational moment along the z - axis acting at lower rotor
Mup = Rotational moment along the y - axis acting at upper rotor
Mlr = Rotational moment along the y - axis acting at lower rotor
Lup = Rotational moment along the x - axis acting at upper rotor
Llr = Rotational moment along the x - axis acting at lower rotor
Ix = moment of inertia about the body x - axis
Iy = moment of inertia about the respectively body y - axis
Iz = moment of inertia about the respectively body z - axis
Ixy = the product of inertia
Gw = weight of helicopter
m = helicopter mass, or mass of shaft, fuselage or blade
dm = elementary masses of the helicopter
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g = gravitational acceleration (gravity)
Qr = rotor torque
Qm = motor torque
Gr = gear to pinion ratio
Mg = main gear teeth
Tp = pinion teeth
ωm = speed of the DC Motor output shaft
Qm = the DC Motor torque
Qstm = stall torque (torque is max. but the shaft is not rotating)
ωn = speed without load (output speed of the motor is max. without applied torque)
A = plant state-space internal dynamics matrix
B1 = state-space input disturbance matrix
B2 = state-space input control matrix
C2 = state-space observation matrix,
D22 = state-space output disturbance matrix
D = the input feed-through matrix
D12d = controlled output gain matrix,
w1 = the exogenous input vector to the system ( input disturbance)
u = the control input vector
v = is the measurement noise
z = the regulated signal vector
z1 = is the output-tracking error to be minimized
z2 = the control-input constraints
Q = state-weighting matrix
R = input-weighting matrix
δth = altitude (thrust)
δlat = roll control input;
δlon = pitch control input
Appendix A: Nomenclature, Acronyms, and Symbols
120
δyaw = yaw control input;
FM = figure of merit
CT = thrust coefficient
CQ = torque coefficient
xT = Distance from c.g. to the rotor axis along x - axis
yT = Distance from c.g. to the rotor axis along y - axis
zup = Distance from c.g. to the upper rotor along z - axis
zlr = Distance from c.g. to the lower rotor along z - axis
ωu = Rotational speed of the upper rotor
ωl = Rotational speed of the lower rotor
mup = Rotational moment coefficient for upper rotor
mlr = Rotational moment coefficient for lower rotor
σ = rotor solidity factor
ρ = density of air at 15 0C and sea level
A = the rotor disc area (A = R2 pi )
Nb = number of blades on rotor
c = rotor blade chord
R = rotor radius
ωm = speed of the DC Motor output shaft
Qstm = stall torque (torque is max. but the shaft is not rotating)
Qm = the DC Motor torque
ωn = speed without load (output speed of the motor is max. without torque applied to the output
shaft)
T = thrust
Tu = upper rotor disk thrust
Tl = lower rotor disk thrust
Tli = inner area of lower rotor disk thrust
Tlo = outer area of lower rotor disk thrust
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Q = rotor torque
Qu = upper rotor disk torque
Ql = lower rotor disk torque
Qlo = outer area of lower rotor disk torque
Qli = inner area of lower rotor disk torque
Ω = angular velocity
Ωu = upper rotor angular velocity
Ωl = lower rotor angular velocity
p∞ = initial or atmospheric pressure
Vu = upper rotor disk velocity
Vli = inner area of lower rotor disk velocity
Vlo = outer area of lower rotor disk velocity
Vuo = outer area of undisturbed flow velocity
Vc = axial velocity of the rotor
V2 = inner area of undisturbed flow velocity
Vl22 = undisturbed flow velocity in outer area of lower rotor
CTu = upper rotor thrust coefficient
CTl = lower rotor disk thrust coefficient
CTli = inner area of lower rotor disk thrust coefficient
CTlo = outer area of lower rotor disk thrust coefficient
CQu = upper rotor torque coefficient
CQl = lower rotor disk torque coefficient
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